ON SCATTERING FOR THE QUINTIC DEFOCUSING NONLINEAR 
SCHRODINGER EQUATION ON R x T^. 



ZAHER HANI AND BENOIT PAUSADER 



Abstract. We consider the problem of large data scattering for the quintic nonlinear Schrodinger 
equation on R X T^. This equation is critical both at the level of energy and mass. Most notably, 
we exhibit a new type of profile (a "large scale profile") that controls the asymptotic behavior of the 
solutions. 

1. Introduction 

The purpose of this manuscript is to study the asymptotic behavior of the defocusing quintic nonhnear 
Schrodinger equation on M x given bjo: 

{idt + As.y<T2) u ^ \u\\ u{t = 0) = uo e H\R X T"^) (1.1) 

Our main motivation is to better understand the broad question of the effect of the geometry of the 
domain on the asymptotic behavior of large solutions to nonlinear dispersive equations. While scattering 
holds for the quintic equation on M^, it is not expected to hold (apart from trivial cases) on (cf. 
Appendix to [IS]). As we will argue below, the situation on R x seems to be a borderline case for this 
question. 

The study of solutions of the nonlinear Schrodinger equation on compact or partially compact domains 
has been the subject of many works, dating back at least to [11] and then systematically developed by 
Bourgain fS', '9^ on tori and Burq-Gerard-Tzvetkov [T2j [131 HI] on compact manifolds, with recent key 
developments in the energy-critical setting following the work of Herr-Tataru-Tzvetkov [ST] [32l [3^ and 
extended to global existence in lonescu-Pausader [31 [3F|. We also refer to [^1 [71 1^ [551 115] 

and especially to [4] [55] for previous works on the relation between scattering and geometry. Such 
equations have also been extensively studied in applied sciences on various backgrounds. While we will 
not attempt to make any fairly exhaustive list of those works, we should point out that their study on 
"wave-guide" manifolds like R x seems to be of particular interest especially in non-linear optics of 
telecommunications [IT] [331 122 ■ 

The studies on global wellposedness for energy critical and subcritical equation^ so far seem to point 
to the absence of any geometric obstruction to global existence. Indeed in the cases known so far, the 
solutions to the defocusing problem all extend globally. In contrast, it is clear that the geometry influences 
strongly the asymptotic dynamics of solutions but the precise relationship remains poorly understood. 



The first author was supported in part by a Simons Postdoctoral Fellowship. The second author was supported in part 
by NSF grant DMS-1069243. 

-'^Since our main goal is to attack the large-data long-time theory, the regularity of our initial data is dictated by the 
conservation laws. For large data global regularity and scattering, considering data in or in any smoother space is 
effectively equivalent. 

^That is when the potential part of the energy can be bounded in terms of the kinetic part. We remark that the energy- 
supercritical case (the complementary case which we do not discuss) is completely unknown, even on Euclidean spaces R'', 
except for some ill-posedness results (2] 1131 154| , or some results on the "barely supercritical" case |46l I52| . 
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A first step in this direction is to explore when one can obtain the simplest asymptotic behavior, namely 
scattering, which means that all nonlinear solutions asymptotically resemble linear solutions. From the 
heuristic that linear solutions with frequency ~ N initially localized around the origin will disperse at 
time t in the ball of radius Nt, one can hope that scattering is partly determined by the asymptotic 
volume growth of balls with respect to their radius. In fact, if 

V{r) := inf {VoIm^ r))} ^.^^ r^, 

then one would expect that linear solutions decay at a rate ~ t^^^^ and based on the Euclidean theory 
on M.^ , the equation 

{idt+AM^)u=\u\P-^u, u{0)gH\M'^) (1.2) 

would scatter in the range 1 + 4:/ g < p < l + 4/((i — 2), while one might expect more exotic behavior, at 
least when p < 1 + 2/g. Note that this heuristics is consistent with the results in [4 . 

We don't know whether such a simple picture is accurate but testing this hypothesis motivated us to 
study the asymptotic behavior for (II. ip in the case g = 1 and d = 3, which seems to be the hardest case 
that can be addressed in light of the recent developments in [3TJ[5T]. Indeed, as we will argue later, this 
problem is both mass-critical and energy-critical {1 + A/g = 1 + 4/((i — 2) = 5). 

Our two main results tend to confirm the picture above about scattering, at least in the case of quotients 
of Euclidean spaces and insofar as one can parallel the case p = 1 -\- 4/ g and the mass-critical problem in 
The first result asserts that small initial data lead to solutions which are global and scatter. 

Theorem 1.1. There exists S > such that any initial data uq G H^{R x T^) satisfying 

\\uo\\H^iS.xT^) < S 

leads to a unique global solution u G X^(R) of (jl.ll) which scatters in the sense that there exists G 
iJi(]R X T^) such that 

IkW-e^'^^^-^'v^llffMRxT^) ^0 as t ^ ±oo. (1.3) 

The uniqueness space C Ct(M : H^{M. x T^)) was essentially introduced by Herr-Tataru-Tzvetkov [5T| . 
The main novelty here is the scattering statement on a manifold with such little volume (and so many 
trapped geodesic^. Using the time-reversal symmetry, a similar statement holds for negative times as 
well. One key fact about Theorem 11.11 is that it requires only a control provided by the conserved mass 
and energy of the solution defined respectively by 

M{u) h(0)||i.(R^T^), E{u) umW^Ry^r^) + \\\um\%(tLxT-y (1-4) 

We will refer to the quantity L{u) := ^M{u) + E{u) as the "full energy" of u. We should mention the 
work of Tzvetkov-Visciglia |55| for a previous scattering statement involving a norm which is not bounded 
by the full energy. The main advantage of having a control at the level of a conserved quantity is that one 
can then hope to extend a small data result to a global result. This is precisely the question we tackle in 
the main part of this paper. 

In order to extend our analysis to large data, we use a method formalized in Kenig-Merle |36] following 
previous works on critical nonlinear dispersive equations [31[Tni[IHl|35], see also [Hll^O]- One key ingredient 
is a linear and nonlinear profile decomposition for solutions with bounded energy. The so-called profiles 
correpond to sequences of solutions exhibiting an extreme behavior (in fact a defect of compactness) and 



The presence of trapped geodesies is known to have nontrivial effects on the linear flow and could be expected to also 
affect the asymptotic behavior of nonlinear solutions. 
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possibly "leaving" the geometry. It is there that the "energy-critical" and "mass-critical" nature of our 
equation become manifest. 

In order to understand the appearance of the profiles, one can argue as follows: in view of the scaling 
invariance of (jl.l[) under 

R^xTl^ Ma := x (A^^T^),,, u u{x, y, t) = \^/^u{\x, Ay, A^t), 

a uniform control on the solutions on Mi in terms of their full energy yields a control on solutions on M\ 
uniformly in A. Therefore, we would expect a solution initially at "scale one" on M\ to remain so. We 
then observe the two natural scaling limits: 

i) Small-scale limit: when A ^ 0, a "scale-one" solution on Ma should not "sense" the distinction 
between Ma and 'S? and should therefore behave as a solution to the energy-critical NLS on R'^. This 
corresponds in Mi to solutions with initial data 

u^{x, y, 0) = A-i/20(A-i(x, y)), e C,°°(M3), A ^ 0. 

We call such profiles Euclidean profiles. Their appearance is a manifestation of the energy-critical nature 
of the nonlincaritjQ. 

ii) Large-scale limit: when A +oo the manifold Ma becomes thinner and thinner and "resembles 
K". It is then tempting to guess that scale-one solutions on Ma will evolve, on time-scales of size A^, as 
the solutions to the quintic (mass-critical) nonlinear Schrodinger equation on M: 

(i9t + a,,)u= I^I^M, u(0)ei/i(M) (1.5) 

and this is indeed the case when the initial data is constant in the compact {y) variable. However, the 
general situation is more complicated as different Fourier modes will interact in a nontrivial manner and 
this "fast dynamics" has a profound effect on the slow dynamics coming from (|1.5p . Indeed the rigorous 
analysis of this "multi-scale dynamics" is one of the main component of this paper. 

These solutions on Ma correspond to what we call the "large-scale profiles" on Mi which are initial data 
given by: 

u^{x, y, 0) = X-^/^(l){X-'^x, y), € C^{R x T^), A ^ +oo 

and their appearance seems to be a manifestation of the mass-critical nature of the equation. We will 
argue below that these solutions should follow the fiow associated to a more general flow than that of 
(|1.5p . namely the one given by quintic resonant system on R that we now describe. 

The quintic resonant system is given by 

{idt + dxx) Uj = ^ Uj^uj;ujJI~Uj^^ j e 1? 

T^U) ={{ji,h,j3,j4,j5) e (Z2)5 : - j2 -I- J3 - JA + J5 = J and ^^-^^ 

Ijl|'-b2|' + b3|'-b4|' + |j5|' = |jf} 

with unknown u — {uj}j^^2^ where Uj : x Mt — > C. In the special case when Uj = for j ^ 0, 
we recover (|1.5p . but in general, this is a new equation. Similar finite or infinite systems of nonlinear 
Schrodinger equations arise independently in the study of nonlinear optics in waveguides and are the 
object of several previous studietO (see e.g. [171 [25l [44] , the books [Tl|48] and references therein). 



In the sense that it corresponds to the critical exponent with respect to Sobolev embedding; in other words, with the 
notations in 1 11.211 . p = 1 + 4:/{d — 2). 

^They sometimes go by the name of "vector nonhnear Schrodinger equation" or VNLS. 
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As we show in an appendix, the system (|1.6|) is Hamiltonian, has a nice local theory and retains many 
properties of (|1.5p . In view of this and of the result of Dodson [21^, it seems reasonable to formulate the 
following conjecture: 

Conjecture 1.2. Let E G (0, oo). For any smooth initial data uq satisfying: 

there exists a global solution of (II. 6p . u{t), u{t = 0) = uq with conserved Eia{u{t)) — Eis{uq) satisfying: 

E0')'ll"^-Ili« .(«.XM.) < ^ls{Els{uo)). (1.7) 

for some finite non- decreasing function Ais{E). 

We can now give the main result of this paper which asserts large data scattering for conditioned 
on Conjecture 11.21 

Theorem 1.3. Assume that Conjecture M. 'M olds for all E < E^^^^, then any initial data uq G H^{RxT^) 
satisfying 

LM = f ihuol' + Uvuol' + huoA dx < Et.^ 

leads to a solution u € X^(R) which is global, and scatters in the sense that there exists € H^{M. x T^) 
such that (|1.3p holds. In particular, if E^^^^ — +oo, then all solutions of (|l.ip with finite energy and 
mass scatter. 

Before we go into the details of the proof, a few remarks about the above theorem are in order. First, we 
should point out that the global regularity part holds for all solutions of finite energy, unconditional on 
Conjecture [121 Second, as a consequence of the local theory for the system (|1.6p . one has that Conjecture 
11.21 holds below a nonzero threshold iJ^ax > 0, so Theorem 11.31 is non-empty and actually strengthens 
Theorem ll.il Actually, by simple modifications of the proof, one can find regimes with large mass (for 
example using the main result in |21) ) where one can obtain nontrivial large data that scatter. Another 
point worth mentioning is that while Theorem ll.Sl is stated as an implication, it is actually an equivalence 
as it is easy to see that one can reverse the analysis needed to understand the behavior of large-scale profile 
initial data for (|l.ip in order to control general solutions of (|1.6p and prove Coni ecture 11.21 assuming that 
Theorem 11.31 holds (cf. Appendix). Finally, we note that the full resolution of Conjecture 11.21 seems to 
require considerable additional work that is completely independent of the analysis on M x T^, so we 
choose to leave it for a later work. 

The proof of Theorem II. 31 has a fairly standard skeleton based on the Kenig- Merle machinery [36] on one 
hand, and the recent works devoted to understanding inhomogeneous critical equations [321 IMl 133 [Ml HO] 
on the other. Nonetheless, the global geometry, the two levels of criticality (mass and energy), and the 
emergence of large-scale profiles require some novel ideas and nonstandard adaptations. Most notably: i) 
proving good global Strichartz estimates not only to prove Theorem 1 1.1 1 but also to obtain an L^— profile 
decomposition suitable for the large data theory, ii) the analysis of the large-scale profile initial data 
that appear in the profile decomposition, understanding their "two time-scale" behavior in terms of the 
quintic system (|1.6p via a normal form transformation, and iii) a final nonlinear profile recomposition 
similar to that in [33] but with many more cases. We elaborate briefly on those three points: 
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1.1. Global Strichartz estimates. While local-in-time Strichartz estimates are sufficient for the pur- 
poses of local existence and even global regularity (34] ES] , they are not useful to obtain information about 
the asymptotic behavior, even for small data. On the other hand, in order to prove scattering with criti- 
cal control (at the level of H^), one cannot afford to work with Strichartz estimates that lose too many 
derivatives. These two limitations (good global-in-time integrability and derivative loss) encapsulate the 
main difficulties at this level. 

By using the Strichartz estimates on M and Sobolev embedding, one can obtain global-in-time bounds 
with optimal scaling such as: 

However, this derivative loss of 2/3 derivatives does not allow for a local theory at the level of H^, 
which seems to require estimates with less than 1/2 derivatives lost. On the other hand, one can also 
easily obtain local-in-time Strichartz estimates with satisfactory derivative loss from the corresponding 
estimates on , but with no obvious way to extend them globally. In addition, application of the Hardy- 
Littlewood circle method as in (8j |3j requires the use of the same norms in x, y, t and no such p can 
give both sufficiently good derivative loss and global-in-time integrability. 

This suggests using norms that distinguish between local-in-time and global-in-time integrability. We are 
thus lead to the following Strichartz estimates: 

3 ^ 2 11 

\\e'*'^'^x-^^uoy^L-_^,(MxT^x[',n+i]) - ll('^)^"^wo|U2_^(RxT2), " + -=2' 4<g,r< +00, 

where we take the l"^ sum in 7 of the y ^{M. x x [7, 7 + 1]) norm on the left hand side. Notice that 
the condition on q is exactly the Id Schrodingcr admissibility condition on K whereas the derivative loss 
of 3/2 — 5/r is exactly that on (or R^). The proof of this estimate follows a TT* argument that allows 
to decompose the relevant inner product into a diagonal part (the solution at time t interacting with 
itself at a similar time) and a non-diagonal part (the solution at time t interacting with itself at time s 
with |s — t| ^ 1). The diagonal component leads to the loss of derivatives, but gives a contribution that 
has better time-integrability (like Z^). The non-diagonal part loses fewer derivatives but forces the above- 
mentioned slower la^ time-integrability and requires a nontrivial adaptation of the Hardy-Littlewood circle 
method in a way that incorporates the decay in \s — 1\ coming from the M direction. The fact that we can 
decouple those two difficulties (loss of derivatives and slow integrability) is crucial in obtaining a good 
profile decomposition in this mass-critical context. 

1.2. Large-scale profiles and the resonant quintic system. The treatment of the large-scale proffies 
alluded to in our previous heuristic and formalized using the profile decomposition leads to the quintic 
resonant system (|1.6p . This system is not completely unexpected as it can be derived from ()l.ip by 
removing all non-resonant interactions between the periodic Fourier modes of u. In general, one would 
expect non-resonant interactions to have important large-time contributions especially for large data. 
However, in the special limit given by those large-scale profile initial data, one can integrate out the 
non-resonant dynamics by using a normal form transformation and this yields (|1.6[) . 

Among the three types of sequences appearing in the profile decomposition, the large-scale profiles cor- 
respond to sequences of solutions of (|l.ip with initial data roughly of the form: 

^pk{x, y) = Ml^^^P{MkX, y), with e C^{R x T^), and Mfe ^ 0. 

1 /2 

Predicting that this scaling is conserved leads one to consider u{x, y, t) = Mj, u{MkX, y, t) where u then 
satisfies the equation: 

{idt + At2)u = Ml {\u\^u - d.^^u) , m(0) = ^. 
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This suggests conjugating with respect to the corresponding semigroup 6**^^2 and, after a rescaling, we 
see that v satisfies an equation that is essentially: 

{idt + d^.,)v^N{v) = 0{v'>) 

Since one would expect solutions of this equation to disperse after some large time To (thanks to the 
dispersion of e**^"), we only need to control the dynamics up to Tq. But over this time interval, the 
contribution of the non-resonant interactions is 0{ToM^) and hence can be ignored in the limit as 
Alk — > 0. Doing this leads to the quintic resonant system (|1.6p . The main conclusion of this analysis is 
that large-scale profiles admit the following "multi-scale" descriptiorQ 



u{x,y,t) 



it At 



M--v{X,v,T) 



X = MkX, T 



where v solves (11.61). 



1.3. Profile recomposition and end of the proof. To end the argument, one needs to be able to write 
an approximate solution of (jl.ip with initial data given as a sum of orthogonal profiles and dispersed 
initial data (i.e. one whose linear development is small in the relevant norm). A first guess for this 
approximate solution would be to sum the nonlinear profiles (solution of (|1.1|) with initial data given by 
the profiles) and the linear propagation of the perturbation. As in |34j . this doesn't quite work because of 
terms that arc linear in the perturbation. We follow [31] and focus on the second iterate of the Duhamel 
formula. While this does indeed give a good approximate solution it leaves us with proving that the 
newly defined perturbation is still small in the appropriate norm. 

The main problem we face comes from perturbations that are concentrated at high frequencies and 
pointing only in the non-dispersive direction (near the zero frequency of J-x)- These solutions are close 
to concentrate on the trapped geodesies of M x and they linger for a long time in compact regions 
of the manifold before they disperse, thereby interacting with solutions at larger scales for a long time. 
The redeeming features of such solutions are that i) their initial Fourier support makes them far from 
saturating the Strichartz estimates, so at least their linear development is small in a weak norm which 
makes their interaction with smaller scale profiles ineffective; ii) the qualitative fact that they are located 
in a small angular sector is conserved when they interact with larger scale nonlinear profiles, so the output 
of this interaction has similar properties. Implementing this requires introducing norms that are sensitive 
to the special Fourier support properties of the initial data and obtaining a good well-posedness theory 
to propagate the initial Fourier information effectively to later timesQ. 

The paper is organized as follows: in Section [2] we fix our notations and recall the function spaces we 
use; in Section [3] we prove the global Strichartz estimates we need for the rest of our work. Section 
m contains the local well-posedness and small-data scattering (Theorem II. ip along with the associated 
stability theory. In Section [6l we obtain a good linear profile decomposition that leads us to the types of 
profiles we need to analyze, which is what we do in advance in Section[5]for the Euclidean and large-scale 
profiles. In Section [7] we prove the contradiction argument leading to Theorem ll.3l Finally, we develop 
the local existence theory for ()1.6|) in Section HI 



2. Notation and Function Spaces 



2.1. Notations. We write A< B to signify that there is a constant C > such that A < CB. We write 
A B when A < B <^ A. If the constant C involved has some explicit dependency, we emphasize it by 
a subscript. Thus A B means that A < C(u)B for some constant C{u) depending on u. For p g N" 

^Indeed, this describes u in terms of two "times" t and T. 

^Note that just putting the gradient of the highest frequency in loses any such information. 
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a multi-index we denote by i3pj,...,p„(ai, . . . , an) a |p|-linear expression which is a product of pi terms 
which are either equal to ai or its complex conjugate ai and similarly for pj, Oj, 2 < j < n. 

We label the coordinates on M x as {x, yi,y2) e R x T x T. Wc fix t]^ E C°°{R) such that rj^ix) = 1 
if < 1 and ri^{x) — when \x\ > 2. We also let rf'{a,b,c) ~ rj^ {a)r]^ {b)r]^ (c) , so that for x G M'"' and 
k e {1,3}; 

For any dyadic number > 1, we define the Littlewood-Paley projectors: 

P<N ?7<jv(*V), Pn ■■= P<N - P<N/2 for iV > 2, and Pi := P<i. 

Since we sometimes need to distinguish the regularity in the different directions, we similarly define 
P<; to be the Fourier multiplier associated to VKAii^dx) and P^jy to be the multiplier associated to 
?7<jY(i9yj77<jy(i9y2). Wc define P^^ and Pf.j similarly as before. We will also need the following angular 
frequency localization: for 5 > 0, we define: 

P/ = J2 PnP^sn- (2.1) 

JV>1 

In addition to the usual isotropic Sobolev spaces H^{M. x T^), we will need non-isotropic versions. For 
si, S2 G K. we define: 

H''''%R X T^) = {it : M X ^ C : (^y^ {n)''^u{^,n) G L^ JR x I?)}. 

We will be particularly interested in the space i7"'^(K x T^). This is the set of functions ijj e ^^(M x T^) 

such that Vyip e Ll y{m. X T^). We can also define a discrete analogue. For (j) = {(l)p}p£Z^ ^ sequence of 
real-variable functions, we let 

h^'H^' < $= {<t^v) ■■ UWUhs. = E < +00 I . (2.2) 

We can naturally identify iJ"^^(R x T^) and h^L^ by via the Fourier transform in the periodic variable y 
as follows: for ijj E H'^'^CR x T^) we define the vector ip = {ipp}p where 

M^)--=77^ f i^i^,y)e-'''''''^dy (2.3) 
is the sequence of periodic Fourier coefficients of ijj. Conversely, for any v E h^L^, we define 

vix,y) := J2 M^y^""-"^- 

Clearly the two operations invert one another and are isometric^. 



'Up to the normalizing constants in the definition of the Fourier transform. 
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2.2. Function spaces. For C — [—^, C and z £ M^, we denote hy Cz — z + C the translate of C 
by z and define the sharp projection operator Pc^ as follows: 

^iPcJ)^xcAOHfm- 

We use the same modifications of the atomic and variation space norms that were employed in |31[[5^IM] . 
Namely, for s S M, we define: 



|2 



We refer to |28[ ISTl |32] for the description and properties of the spaces and . The norms Xq and 
are both stronger than the L°°{M.; H'') norm and weaker than the U'^{M. : iJ*) norm. In fact, they 
satisfy the following nesting property: 

for any p > 2. For a compact interval / C M, we also need the restriction norms X''{I) and ^{I) defined 
in the usual way: 

ll"l|x=(7) = inf{||w||x=(R) : v E X^{R) satisfying U|/ = u\i} 
and similarly for Our main solution space is then 

X^"(R) := {u e C(M : i7"(K X T^)) : (f>_^ := lim e"**'^u(i) exists in and u{t) - e'*^<p-oo € ^o(R)} 

i— f — oo 

equipped with the norm: 

ll"llx=(R) := U\\h^(mx12) + \\u - e^*^</)_oo|!|e(R) ~ sup (2-4) 

KCM.,K compact 

and we can extend the second definition of the X*-norm to arbitrary subintervals of M. We also consider 
^cioc(-^) to t)^ the set of all functions in C\oc{I ■ H^) whose X-'^(J)-norm is finite for every compact 
subset J C /. 

To control the nonlinearity on an interval / = (a, b) we use the norm: 

Why.^jy.^ f e'^'-'^^h{s)ds . (2.5) 

We mostly use this norm for s = 1 and in this case, we omit the s in the notation. 
In addition to the above norms, we need the following time-divisible norm: 

\W\\zW= E I E^'^^'^^^'lll^W^^^II'V I • (2.6) 

Po=9/2,18 \Af>l '7 ^ Ll% ,{RxT^xI.,)J 

where = [27r7, 27r(7 + 1)]. Z ia a weaker norm than X^. In fact, from Lemma |4. II below. 

\\u\\z{I) < ll"l|xi(7)- 

We will also need the following proposition which is the analogue of Poposition 2.11 of ^31, or Proposition 
2.10 of [32|: 



Proposition 2.1 ([2T1I32])- / G Ll{I,H^{R x T^)), then 



\N{I) 



< 



sup / f{x,t)v{x,t)dxdt 

ll''ily-i(/)<l 
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In particular, the following estimate holds for any smooth function g on an interval I — [a, h]: 

IIsIUh/) ^ ll5(0)IUi(RxT^) + \\PN{idt + ^)9\\li(i,Hi(^^T-)}j ■ (2-7) 



3. Global Strichartz estimates 
We recall the Strichartz estimates from [8 : for any p > 4, there holds that 

V'^^'PNfWLl^^Cfl^T,) < N(i~l)\\f\\L2^r.) (3.1) 

This bound can of course be adapted to the case of M x T^. However, in order to prove scattering 
estimates, we need to obtain global in time bounds. This is only possible by using the R component of 
our manifold. But this only supports linear solutions that decay much slower than on R^. As a result, 
we need to distinguish between the "local in time" integrability, similar to the one in R'^ (or T'^) and the 
"global in time" integrability, similar to the one on R. This is done by decomposing 



U 27r[7,7+l) 



In this section, we prove the following result: 
Theorem 3.1. Let N > 1 be dyadic, then 

\\e'*^'x^^P<NUo\\^Ll^^^,{RxT^x[2^'y,2^(^+l)]) ^ N(i~p)\\uo\\L2(RxT^)- (3-2) 

whenever 

2 11 

p> 4 and - + - = -. (3.3) 
q p 2 

In the estimate above, we see that the loss in derivatives is dictated by the local (3d) geometry, while 
the global integrability condition is dictated by the global (Id) geometry. Theorem 13.11 follows directly 
by duality from the following more precise estimate 

Lemma 3.2. For any h e C^iRx x x R(), there holds that 



e-''^'-^^P<Nh{x,y,s)ds 



Ll,y{^y--^^) (3.4) 



for any {q,p) satisfying p. 3 



Proof of Lemma \3.1\ In order to distinguish between the large and small time scales, we choose a smooth 
partition of unity 

7GZ 
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with X supported in [— 27r, 2tt\. We also denote by ha{t) :— x{t)h{2TTa + t). Using the semigroup property 
and the unitarity of e**^KxT2 , we compute directly that 



■^y x,y 



= {x{s-2TTa)e-'''^'^-'P<Nh{s),x{t~2TTf3)e-''^'^-'P<Nh{t)}L2 xL^ dsdt 



J2 // (e-^(2.(a-^)+.)A,,,.p^^;^^(^)^g-.tA,,,.p^^/^^(^)^^^ ^^^^ 

Q, ^ J Js,t6[-27r,27r] " 

^diag ^ ^non-diag 



where 



a-/3|<9' 



^non-diag= ^ // (e-^^^^^.^) A,,,2 p^^;,^ (^) ^ ^-^t A,,,. ^^^^ (^^^ ^^^^ ^ 

Q,7GZ,|7|>10" 



The diagonal sum dictates the loss of derivative, while the non-diagonal sum dictates the decay. 

Diagonal Estimates. Here, we use the following result from [8|: for any / G L^(T^) and any p > 4, 
there holds that 

||e^*^-^P|^/|U.(T^xT.) < N('-i)\\fh^ri)- 

This implies that for p > 4, 

Indeed, using the Hausdorff- Young, Holder, Minkowski and Plancherel inequalities, we have that 

<M^-f)||e"^-^P|^J-e/L.(R^i.^(T.x[-2.,2.])) 
< iv(i-f)||J-^/L.^. = Mi-f ^(MxT^). 



Again, by duality, this implies that 

II / e-^-.p<^M^)d^llLj,,(MxT^)<iv(i-i)||/^|| , . _ (3.5) 



QUINTIC NLS ON R X 



11 



whenever h is supported in [— 27r, 27r]. And consequently, 



dsdt 



a,|7|<9 



g-»sA^xT2p^j^/j^(27r^ + s)ds 



L2 ,^(RxT2) 



<7v2(i-l)^||/,. 



iS,„.t(RxT2x[-27r,27r])- 



(RxT2) 



(3.6) 



This is controlled by the first term in the righthand side of p. 41) . 

Nondiagonal Estimates. We can estimate the non diagonal sum as follows using p.Sp proved below: 



a„o„-diag = Yl / W e~''('~*~'"^)'^«x-^P<iv/la(s)ds,P<Jv/la+7(i)>L^,„xLl„di 

Q,7eZ,|7|>10 * ^ 

a,7eZ,|7|>3 



»+7ll rp' 



(3.7) 



where we have used the discrete Hardy-Littlewood-Sobolev inequality in the last step. Together with 

p.6p , this finishes the proof of p.4p once we prove Lemma 13.31 □ 

Lemma 3.3. Suppose that 7 e Z satisfies I7I > 3 and that p > A. For any h ^ L^. y ^(M x x [— 27r, Itt]), 
there holds that: 



I! / x(s)e^(*-^+2^^)^-T2p<^;,(,)d,||^,^^^^^^^^,^j_^^^^^j^ < |7|f-liv(2-f)||/,||^^. 



^,a,s^i^xT2x[-27r,27r])' 

(3.8) 



Proof. Without loss of generality, we may assume that: 



h = x{s)P<Nh, and p 



i^,j,,t(»xT2x[-27r,27r]) 



= 1 



(3.9) 



and we define 



9ix,y,t) 



i(t-s+27r7)Aj,^^2 



«>''r^ h{x,y, s)ds. 



We also define the Kernel 



K^ix,y,t)^J2 I [^b(0]'[^^^(fci)^^^(fc2)]^e^[--«+^-^-+*(l'=l^+l«l^)]dC 



i^«(a;,t)®X]r'(y,t). 



(3.10) 



and introduce Kj^_y{x, y, t) :— Kn{x, y, + t), so that g(x, y, t) ~ K^^-y *x,y,t h. We have the following 
straightforward bounds: 



\\^x,y,tKN,^\\L^. ^ < 1- 



(3.11) 
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The first estimates follows from stationary phase estimates in x and direct counting in k (see also p.l6|) ). 
The second estimate is direct. 

For a a dyadic number, we define g°'{x,y,t) — c(^^gix,y,t)l^^a/2<\g\<a} which has modulus in [1/2,1]. 
We defin^ similarly for /3 e 2^. Clearly, g — J2a ^9°'- Besides, 



a,/3 



(3.12) 



E+E+E 

. Si S2 53 . 



a' 



where 



52 = {(«,/?) :a/3P'-i<CiV|7r 1/2}, 

53 = {(a,/3) : CiV|7|-i/2 < apP'-^ < C\-f\-^^^N^} 

for C a large constant to be fixed later. In each of the three cases defined above and for any fixed a, (3, 
we will decompose K^^-y — K\j ^.^ ^ + Kf^ ^.^ ^ and estimate the corresponding contributions as follows: 



(3.13) 



L2. 



In what follows, we denote by Sa '■— s\rpj){ga) and :— supp(/i^). Then, by assumption 

a /3 

We will bound Si, S2, S3 in p.l2p separately: 

Si, the large levels: C\j\^^^^N^ < In this case, we use the decomposition p.l3p with = 

and the bound p. lip . This gives 

a,/3;C|7|-i/2Ar2<Q^p'-l q,/3 



S2, the small levels: a^^'-^ < CNlj]-^^"^. In this case, we use the decomposition (I3.13P with = 
and ([XTT]) . This gives 

S2< ^ < [aP\S^\]^ [l3P'\E^\Y [a(3P'-^^ 

Using Schur's test, we can sum in a, /3 and this gives 



^This is not be confused with ha defined previous to Lemma 13. 31 
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S3, the medium levels: CN\-i\-^/'^ < a/3P'-'^ < C\-f\-^/^N^. In this case, we will decompose the 
kernel into two components as in p.l3p which satisfy 

\\Kh,r,c.J\L-^,<C-'aP^'-^ 

Assuming this, we finish the proof as follows: 

^3 < C-i5]a^'/3'''|5„||£;^| +iV^c5]aP-2/32-p'|5„|l|ij^|i|^|-i/2 



(3.14) 



S3 



<C-'\\9\\l. 



S3 



53 



-1/2 



p-2 



As a result we finally obtain 

P-2 ,, ,, £ r P-2 , , p-2 

We now fix the universal constant C so that it is large enough to absorb the first term on the RHS in 
the LHS and we get: 



115 



11% <c\\9\\h l7r'^max(iV(P-4+-),iV^)<||5||'. l^r^^N"' 



(3.15) 



if p > 4. This finishes the proof of p.8p once we justify the decomposition p.l4p . 



In order to get the decomposition p.l4p . we need a minor/major arc decomposition of the Kernel Kj^ . 
We recall the following bound from Lemma 3.18]: assume that 1 < a < q < N, {a,q) = 1 and 
\t/2Tr-a/q\ < l/Nq, then 

2 N"^ 

" ^ ' q{l + N''\t/2'K — a/q\) 

From (|3.10p and the explicit formula in K, we directly get that, under the above conditions, the first 
estimate in p. lip can be further refined into: 



(3.16) 



For L e 2^, we will need the following fine-scale time-cutoff functions 4)>l{ ) '■= V^{L-) and (pL = 
(l>>L — (t>>2L- Let n be such that iV = 2" and for < fc < n — 10, j + fc < n, define the time projectors 



Pk,n-k{.s) 
and let e be such that 



cj)N2i'+j+w{s/lTT - a/q) forj<n-fc-l, 

2''<q<2^+'^ (a,9) = l,l<a<« 

X! X! '/'>2ioAr2(s/27r- a/g) 

2'=<g<2'=+i {a,q) = lA<a<q 
ri-10 

k—{) j:,j-\-k<.7i 



(3.17) 



We now define 



(3.18) 
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Pfej := 2--' if J < n - fc and pk,n-k 2-"+"-+\ (3.19) 



where we used the following notations: 

Sm ■■= {(j,fc) : < fc < n - 10,0 < j + fc < n; 2"+^ < V/3^''-^|7|^/2} 
5™ := {(j,fc) : < fc < n - 10,0 < j + fc < n; 2"+^' > C'^apP' 

the defining sets of the major and minor arcs. The pj^u are introduced to cancel the large zero frequency 

mode of Kl^.^^^ix, y, t) (cf. ^Mi and ^M)- 

By direct inspection, we see that the major arcs are disjoint: 

(t>N2''+i+^°{sl2'K - a/q)(l)^^y+j'+xo{s/2TT - a'/q') ^ ^ k = k' , {a,q) = {a ,q), \j - j'\ < 3. 
In particular, 

< Pkj < 1 and pk,j{t)pk',j'{t) 7^ ^ fc = A:'; |j - f\ < 3. 
If e(t) 7^ 0, then either |i/27r ~ a/q\ > 2^"/q or g > 2". In both cases, from (|3.16p . we see that 

Invoking p.l6p again, we deduce that 

OA/ 

Similarly using the fact that 2^^|7|^-^/^ < a/3^'~^, we get that 

This proves that ^.^ p satisfies the right bound in p.l4p . 
It remains to prove that 

^Ar,7;a,;3(a;,y,i) = X{t)^ [Pk^j (t) - Pk,jPk,o{t)] K n ,^{x,y ,t) (3.20) 

satisfies the appropriate estimates in p.l4p . Here we need the following lemma from |34) : 

Lemma 3.4. Assume k > 0, Q,M e N*, M > 8Q, S C {1,...,Q}, and 77 : K ^ [0,1] is a smooth 
function supported in [—2, 2]. Then, for any f G R, 

J2 ri{MQ{t - a/q)) = {MQ)-^^{2nm/ {MQ))crae''^"''\ (3.21) 

gGS, aeZ (a,g) = l m6Z 

and t/ie coefficients Cm have the properties 

c™= e-2™/«^ sup|c„|<4Q2, |c™| <C,rf(m,Q)Ql+^ (3.22) 

qeS,Q<a<q-l,{a,q) = l 

where d{m,Q) denotes the number of divisors of m, less than or equal to Q. 

Using this lemma and because of our definition of pk,j in (I3.19p . we can write 

PkAt) - PkjPkAt) = E c™e'2.™*2-^-''^-"-io [M2-'-''-''-'°2TTm) ~ 0i(2-^-"-i"27rm) 

mGZ 

if fc < n — fc, and 

Pk,n-k{t) - Pk^n-kPkMt) - E c™e^''^'"*2-^"-i" [0^(2-2«-iO2^m) - 20"i(2-^-"-i"2^m) 
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In either case, we have that for < fc < n — 10, < j < n — k: 
with 

bo = 0, < C,d{m, 2'^'+i)2-^-"+'^'=(l + 2-^-'=-"|m|)"^°, (3-23) 

where d{m, Q) denotes the number of divisors of m less than Q. We remark that pk,j were specifically 
introduced to make bo = (recall that (^>i(0) = 201(0)). 

Using the fact that d{m, Q) < Ce|m|^, we finally get 



v.^ E sup /xW(Pfc..-W-2-^Pfc.o(t))e"[l«l'+l^l'-^Hdt 



< E Ei^™i^^- E 2-2-^-". 

(fcj)e<S,r. m6Z (fcj)6<S„ 

which gives second bound in p.l4p . This finishes the proof. □ 



Remark 3.5. One can sharpen the estimate p.2p to allow for different smoothness in both directions, 
namely, when 1 < M < N , 

f Al\^ 3 5 

ll^<Jv/'<Afe"^«xT2up||^,^,^^^^jj^^,^p^^2„^^^^^j^ < (_\ iv(5-f)||uo||L2^(RxT2). (3.24) 
where 6* = 1/2 - 2/p. 

This follows directly from p.4p after one refines the diagonal contribution p.Sp with 

1 1 

II y^e-^^^«-^P<A^P|MM^)d^lU2,^(«xT2) < i^-j ^^"^ll/^II^^.CMxT^x W.])- 

The claim followj^. 

4. Local well-posedness and small-data scattering 

We start by translating the Strichartz estimate in Theorem 13 . 1 1 into an embedding theorem for spaces: 

Lemma 4.1. For p > 4 and q as in Theorem \ 3.U the following estimate holds for any time interval 
/ C K and every cube Q C of size N: 

Uiit)PQu\\i?,.Ll,^_,{RxT^xi^) < ^^"^ll"llc/»'"<''''"a;il,(RxT2)) (4-1) 
The proof of this lemma is slightly tedious but straightforward. We omit the details. 



10' 



Taking into account the better derivative gain in the non-diagonal part (by optimizing the power of in II3.15I I). one 
can improve 9 in ||3^ into 6» = l- |if4<p<6 and 1/2 - 1/p -|- e if p > 6. 
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4.1. Contraction argument. The following quantity will be of use in the local existence theory: 

Mz'ii)^\\u\\%^\\u\\%^ (4.2) 

The local well-posedness theory will follow from the following two lemmas: 

Lemma 4.2. Suppose that Ui = P^i^i for i = 1, 2, 3 satisfying Ni > N2 > N^. There exists S > such 
that the following estimate holds for any interval I C M; 

/N3 1 V 

I|uiU2W3|Il2 „,(KxT2x/) ^ 1^'''^; II "l II y« (/) II "2 1| Z'(7) || M3II • (4.3) 



N- 1 \ 

"1"2W3||l; „ JRxT^xm) £ N2N3 ( -TT + -TT I ll"l||yO(E)l|u2||yO(R)||u3||yO(R). (4.4) 



Proof. It is sufficient to study the case / = M. The result is a consequence of the following two estimates 

'N3 1 

and 

||'U1'U2U3||l^_„((RxT2xR) ^ ||wi||yo(R)||w2||z(R)||"3||z(K)- (4.5) 

Estimate (|4.4p follows as in Proposition 3.5 of [31 or Proposition 2.8 of [32 . As for (|4.5p . we first notice 
that, by orthogonality considerations, we may replace Ui by PcUi where C is a cube of dimension 
This allows to estimate: 



||(PcUi)w2U3||l2 (ExT^xR) <||-PcWl|| M 9 \\u2\\ ll^slls 

<Nf^\\PcUl\\Yo\\u2l^.,, Il"3|l 2 



<i^jV^Pau,\\yo\\u2\\zm\\ush 



which is acceptable. 



As a result of the above lemma, we have: 

Lemma 4.3. For Ui E X^{I). i — 1, . . . , 5, there holds that 



5 



□ 



II J2 PKUll[P<CKU^\\N(I) <C \\ui\\xm)ll\M Z' (1) ■ (4.6) 
K>1 i=2 1=2 

and in particular, 

5 5 

iin^^ii^w -Xiii"jn^'«nii"^ii^'w 

i=l 2 = 1 i^j 

where Ui is either m or ul. 

Proof. The proof is a fairly standard consequence of Lemma IT2l (cf. Lemma 3.2 of [34])- D 

We are now ready to prove the local existence theory for large data and global existence and scattering 
theory for small data. The proof of the following statement is very similar from the proofs in [331 Section 
3] given Lemma [4.31 and is omitted. 
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Proposition 4.4 (Local Well-posedness). Let E > and suppose that ||uo||_ffi(RxT2) < E. There exists 
^0 — So{E) ~ min(l, i?^"'^) such that if 

\\e''^'--^'uo\\zii^<S<So 

on some interval / C M containing 0, then there exists a unique strong solution u G of (jl.ip 

satisfying u(0) — uq and 

\\u{t) - e'^^'-^^uoWxHi) < E^S\ (4.8) 
Moreover, the quantities E{u) and M{u) defined in (jl.4p are conserved on I. 

Observe that if w e X^{M.), then u scatters a.s t zLoo as in ()1.3p . Also, if E is small enough, / can be 
taken to be K which proves Theorem ll.il 

Lemma 4.5 (Controlling norm). Suppose that u G Xl^^^{I) is a strong solution on an interval / C K 
satisfying: 

\\u\\z(i) < +00. (4.9) 

(1) // / is finite, then u can be extended as a strong solution in X^(I') on a strictly larger interval 
r , / C /' c M. In particular, if u blows up in finite time, then the Z norm of u has to blow up. 

(2) /// is infinite, then u G Xl{I). 

Finally, we end this section with the following stability result: 

Proposition 4.6. Let I CZM. be an interval, and let u G X^(I) solve the approximate equation: 

(i(9t + ARxT0" = /o|"l^" + e (4.10) 
where p is a constant in [0, 1]. Assume that the following boundedness estimates holds: 

\\u\\z{i) + I|w||l~(/,//i(RxT2)) < M. (4.11) 
There exists eo — to{M) G (0, 1] such that if for some to G /; 

\\u{to) - uo||hi(rxt2) + ||e|lAr(/) < e < eo, (4.12) 
then there exists a solution u{t) to the exact equation: 

(«9t + ArxtO" = Pkl^w (4.13) 

with initial data uq which satisfies 

\\u\\xHi) + \\u\\x^ii) <C{M) 

\\u-u\\xHi) <C{M)e. ^ ■ > 



5. Nonlinear analysis of profiles 



In this section, we describe and analyze the main profiles that appear in our linear and nonlinear profile 
decomposition. 
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5.1. Euclidean profiles. The Euclidean profiles define a regime where we can compare solutions of 
quintic NLS on R'^ with those on M x T^. Of course, this analysis is only possible in the small-scale limit, 
i.e. for solutions that concentrate at a point. Our arguments below follow closely those in [551 134) . 



We fix a spherically-symmetric function ry g C|^(M ) supported in the ball of radius 2 and equal to 1 in 
the ball of radius 1. Given S H^{M.^) and a real number iV > 1 we define 

where ^f* : {x S : |a;| < 1} Oq ^ K x T-^, = x. Thus ^at is an _ff ^-invariant rescaling of a 

smooth compact truncation 0, and /at is the function obtained by transferring (/jat to a neighborhood of 
in M X T2. Notice that 



We define also 



/7v||ifi(RxT2) < ||0|liji(M3)- 



(0) = ^ f\S7m^cj,\'dx+^ I l^l^dx. 



We will use the main theorem of [T51 Theorem 1.1] (see also [12 ), in the following form. 

Theorem 5.1. Assume ip S iJ^(R'^). Then there is a unique global solution v G C(K : H^{M.'^)) of the 
initial-value problem 

{idt + Ar3)v = v\v\\ v(0) = V, (5.2) 

and 

II |Vl{3t;| ||(Lj-L2nL2^6)(R3xR) < C{E^3{lpj). (5.3) 

Moreover this solution scatters in the sense that there exists tp^^ £ H^iW^) such that 

||«(t)-e'*^»3^±oo||^^^^^^^0 (5 4) 

as t ±00. Besides, if ip e H^{R^) then v e C(M : H^{W^)) and 

SUp||f(<)||H5(R3) <||^||„, 3 1. 

Our first result in this section is the following lemma: 

Lemma 5.2. Assume cj) G H^(M.^), Tq G (0,cxd), and p G {0,1} are given, and define Jn as in (|5.ip . 
Then the following conclusions hold: 

(i) There is Nq = 7Vo(</',T'o) sufficiently large such that for any N > Nq there is a unique solution 
Un G C((-roiV-^To7V-2);77i(R x T^)) of the initial-value problem 

(idt + A)Un ^ pUn\Un\\ t/w(0) = /Ar. (5.5) 

Moreover, for any N > Nq, 

\\UN\\x^i-ToN-^,ToN-^) ^E,3W 1- (5-6) 

(a) Assume El G (0,1] is sufficiently small (depending only on Ej^a {(f)) ) , (/>' G H^{R^), and ||(^— ^'H^n-ga-j < 
El. Let v' G C(M : H^) denote the solution of the initial-value problem 

{idt + A^3)v' ^pv'\v'\\ «'(0) = (/.'. 
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For R > 1, and N > lOR we define 

v'r{x, t) = T^[x/R)v'{x, t), (x, e M3 X (-To, To), 

v'ii^N{x,t)=Nh'j^{Nx,Nh), {x,t) eR^ X {-ToN-^,ToN-^), (5.7) 

Then there is Rq > I (depending on Tq and (f>' and Si) such that, for any R> Rq and N > lOR, 

limsup \\Un - Vr,n\\xH-ToN~^,ToN-^) ^e^sW ^i- (5-8) 

Proof. The proof of Lemma 15.21 is very similar to the proof of [33. Lemma 4.2]. 

□ 

To understand hnear and nonUnear evolutions beyond the Euclidean window we need an additional 
extinction lemma: 



Lemma 5.3. Suppose that (j) G -ff^(M''), e > 0, and I CZM. is an interval. Assume that 

1(R3) 



||<?!'|Ihi(r3) < 1, l|V^e"'^(/.||i2i6(jxR3) < e. (5.9) 



For N > 1, we define as before: 

Qn^ = fl{N~^'^x)^{x), 4>N = N^'^Qn{Nx) ^ N^'^7^{N^/^x)4>{Nx), f^iy) = (/)jv(*"'(2/)). 
Then there exists Nq = No{(j), e) .such that for any N > Nq, 

\\e''^fN\\ziN-^i)<ei 

Proof. The proof is fairly similar to that of Lemma of 4.3 34 , so we omit the details for brevity. 

□ 

We are now ready to describe the nonlinear solutions of (jl.ip corresponding to data concentrating at a 
point. Let Te denote the set of renormalized Euclidean framej"] 



J^e {{Nk,tk,Xk)k>i ■■ Nk e [1, oo), Xfe e M X T^, Nk ^ <x, 

and either tk = for any fc > 1 or hm N'^\tk \ = oo}. 



(5.10) 



k—^oo 



Given / G Ll y{R x T^), to E R, and G M x T^, we define: 

Also for (p G i?^(M'^) and iV > 1, we denote the function obtained in (|5.ip by: 

r^0:=iVi/2^(7V*-i(a;)) where ^(y) -.^ 7^{y/N'/^)(biy), (5.12) 
and observe as before that : H\R^) H\R x T^) with \\T^(l)\\m{RxT^) < U\\m(R3)- 



^-'^Wc will later consider a slightly more general class of frames, called Euclidean frames, see Definition 16. II However, 
for all practical purposes (cf. Lemma 16.211 . it suffices to prove Proposition 15.41 under the stronger assumption that O is a 
renormalized Euclidean frame. 
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Proposition 5.4. Assume that O = {Nk,tk,Xk)k £ Fe, (j) e H'^{^^), and let Uk{0) = lit^^x^Thk't')- 

(i) For k large enough (depending only on <p, O ), there is a nonlinear solution Uk G X^(R) of the equation 

satisfying: 

WUkWx^K) ^Bk3(<^) 1- (5-13) 

(ii) There exists a Euclidean solution u G C(K : H^{S?)) of 

{idt + /^w)u^\u\\ (5.14) 

with scattering data (f>^°° defined as in (|5.4p such that the following holds, up to a subsequence: for 
any £ > 0, there exists T{(j),e) such that for all T > T{(j),e) there exists R{(j)^e^T) such that for all 
R > R{(j),£,T), there holds that 

\\Uk - Uk\\xi{{\t-tk\<TN-^}) ^ (5-15) 

for k large enough, where 

{TT^x,Uk){x,t) ^ NlT^{Nk^-\x)lR)u{Nk^-\x),Nl{t-tk)). 
In addition, up to a subsequence, 

\\Uk{t) - n,,_i,,,r^^0±-||^,(^(,_,^)>^^-.„ < £, (5.16) 

for k large enough (depending on (j),e,T, R). 

Proof, cf. Proposition 4.4 of [31] for a similar argument. □ 

5.2. Large Scale Profiles. In this subsection, we analyze the large-scale profiles that appear in the 
profile decomposition in SectionlHl We need the following notation: given i/j G -ff°'^(R x T^) and M < 1, 
we define the large-scale rescaling 

r{|V(a;,y) :=M5^(Ma;,y) where if* {x,y) ^ p-^^,^,,,ooi^ix,y). (5.17) 

It's easy to see that, 

T}Cj : i7°^i(M X T^) H\R x T^) is a linear operator with ||T|fVl|ffMRxT2) < Mho^^rxV)- 

The purpose of this section is to understand the behavior of nonlinear solutions Uk of (II. ip with initial 
data as above and variations thereof. As we will see these are tightly connected to solutions of the quintic 
resonant system defined in (|1.6p that we recall here for convenience. 

5.2.1. The quintic resonant system. We consider the quintic resonant system 
{idt+dxx)uj^ ^ Up^Up^Up^Up^^Up^, j^I? 

(Pl,P2,P3,P4,P5)6K(j) 

^(i) ^{P ■= (Pl,P2,P3,P4,P5) e (Z^)^ : Pi -P2 +P3 -J34 +P5 - j = 0, 

biP - b2p + bap - b4p + - UP = 0}. 

with initial data u{Q) = {'Wj(0)}jgz2 G h^L^, where h^L^ is defined in (|2.2I) . In light of the conservation 
laws (|8.2p proved in the Appendix, the following energy: 

EiM ■■= E[l + H']ll"plli^(K) (5-18) 
is conserved and hence so is the h^L^ norm of any solution of (|1.6p . 
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We remark that in the special case when only one component of the initial data is nontrivial: Uj{0) = 
0, j ^ 0, this is propagated by the nonlinear flow and ()1.6|) reduces to the scalar defocusing mass-critical 
Schrodinger equation, 

{idt + dxx) uq = \uofua, Eis{uo) = ||uo|li2(R). 

Based on the local and small data theory that we develop in the appendix and the large-data scattering 
result in the scalar case [21], we conjecture the following global existence theorem about solutions to 
(HH): 

Conjecture 5.5. Any initial data uq of finite Eis energy leads to a global solution of (|1.6I) satisfying 

W^fw E [1 + \P\'] llis„(M.xE.) < Ms{Els{u)) (5.19) 

for some nondecreasing finite function A/^. In addition, this solution scatters in the sense that there 
exists v^°° e h^L^ such that 

^ [l-f \\up{t) - e"^==-«p±°°|li.(„) ^0 as t ^ ±oo. (5.20) 

P6Z2 

As we also show in the appendix, this conjecture is in fact implied by the conclusion of Theorem II. 31 In 
addition, the local wellposedness theory for (|1.6p (cf. Appendix) gives that this conjecture is true under 
the smallness hypothesis Eis{u) < S for some <5 > 0. Finally, the result of Dodson [3T] shows that this 
conjecture is again true if one adds the additional assumption that u{0) is, in fact scalar. 

A direct consequence of Conjecture 15. 51 and the propagation of regularity part of the local well-posedness 
proposition 18. II is the following: 

Proposition 5.6. Assume that Conjecture 1 5. 51 holds true. Suppose that uq G h^L^ and that u G C(M : 
h^L^) is the solution of (|1.6p with initial data uq given by Coniecture \5.5[ Suppose also that vq G h^H'^ 
satisfies 

\\uo - VoWh^L^ < s, 

and that v(t) is the solution to (|1.6p with initial data v{0) = vq. Then, it holds that: 

||(l-9^:r)M(l + |p|*)l'p}p|lLoc(^ii2)n#(K) ^l|SolUi^2 IWoWh'^H'^ 
\\^~ ^\\L^{h^L^)nW{R) ^ll"olUii,2 ^■ 

and there exists G h^H^ such that 

^ [1 + \\v^{t) ~ e^*^-==<||i.(K) -> as t ^ ±oo. 

pez2 

5.2.2. Description of the large scale profiles. We are now in a position to describe the behavior of solutions 
with initial data /m = ^IfV'- We also define for ijj = {i/'pip as in (|2.3p . 

■■= {V'p'lp, where {x) := Mhp{Mx), 
and, more generally, we similarly define um from u for any u G h^L^. Clearly, with fi\i as in (|5.17p . 

IIV'AfllftiL^ = \\iP\\hoa{rxt^); Wi^M ~ /mWii^l^ ^ as M ^ 0. 

Our first result in this direction is the following lemma: 
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Lemma 5.7. Assume that Conjecture 1 5. 51 holds true. Let ip E H^'^(S. x T^), Tq E (0,oo), and p E {0, 1} 
be given, and define Jm — T^jip{x,y) as in ()5.17p . The following conclusions hold: 

(i) There is Mq = Afo(</',To) sufficiently small such that for any M < AIq there is a unique solution 
Um e C{{~ToM~'^,ToM-'^);H^{R x T^)) of the initial-value problem 

(idt + A^^j2)Um = pIUmI^Um, Um{0) = fM- (5.21) 

Moreover, for any M < Mq, 

\\Um\\x^--ToM-^ ,ToM-^} ^Ei,{-4)) 1- (5.22) 

(ii) Assume Si E (0, 1] is sufficiently small (depending only on Eis(jp) ), Vq E h^H^, and \\ip—vo\\h.iL^ < £i- 
Let w S C(M : h^H'^) denote the solution of the initial-value problem 

{idf + dxx)vj = p ^ Vp^v^Vp^v^Vpr^, Vj{0) = wqj, j e Z^. 

(Pl .P2 ,P3 ,P4 ,P5) e7?.0') 

For M > 1 we define 



(5.23) 



Vj^Mix,t) = M^Vj[Mx,M'^t), {x,t) e M X (-TqM^^ ToAf "2), 

VMix,y,t) = J2 e"''*''''e'<^'«>w,.M(x,i), ix,y,t) e R x x (-To^/-^ ToAf-^), 

Then 

limsup \\Um - Vm\\x^{-ToM~^,ToM~^) Se, ^i- (5-24) 

The proof of Lemma [5.71 is the equivalent for large-scale profiles of the proof of [Ml Lemma 4.2]. Here 
we handle the error caused by neglecting the non resonant terms by using a normal form transformation. 
This reduction to the analysis of the resonant part of the system seems to be relevant only for large scale 
profiles (Af — >■ 0) or in very special regimes. 

Proof. When p = 0, there is nothing to prove. It suffices to prove part (ii). All implicit constants are 
allowed to depend on H-iAllffO'ifExT^)- 



First, we remark that by (j5.19p and Stichartz estimates on M, we have that 

^l)''hi\\%Ll» ^ ^<l)^°\\''<i\\%wt''> ^EU^) (5.25) 



We now show that Vm is an almost solution in the sense of Lemma 14.61 

{idt + ArxtO - \Vm\''Vm = - ^ e-''*l«l'e^<«'«> ^ Vp.MV^Vp^MV^Vp.^Me-''"-'-' 

= LHS 

'^>q,P = \pif - \P2f + \p3f - \p4f + \p,f - \qf 

where 

J^T^iq) = {P = {Pl,P2,P3,P4,P5) ■ Pl-P2+P3-P4+P5-q^0; ^q,p 7^ 0}. 

We now claim that, for / (-ToA/-^ TqA/^^)^ 

WLHSU.^i) <||irolU5„4 M. (5.26) 
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We first decompose 

LHS = P^2-wLHS + P^2-wLH S = PhighLH S + PiowLHS. 
Using Bernstein's estimate, the definition of the iV-norm and (12. 7p . we obtain that 



('?>^ E \\(^x{Vp^,MVp2,MVp3,MVp^,MVp^,M}\\LlH^ 

peJ\fn{q) 



Since g < max(pi,p2,P3,P4,P5), we see that, for any q, 

{if E 11^2: {Wpi.Mfp2,Mfp3,MWp4,MWp5,M} lliiffi 
pe7^/K(g) 

Thus PhighLH S is acceptable once we sum in q. 

The contribution of PiowLHS is bounded by recalling the definition of the norm in (j2.5p and inte- 
grating the time integral by parts as follows: 

/ e'^^~'''^^^-^^PiovjLHS{(j)d(j 
Jo 

S 



I [ie*(^ [^""^ (^i^a^ + ^q.p-) ^^';o«,(Wpi,MWp2,MWp3,Mt'p4,Mt'p5,M) 

t)[9.x+*,.p] ^^^^ _|_ $^_-)"^ Plowda {Vp^.MVp2,M'"p3,MVpi,M'"piM} ^O"}' 





We bound the 5*— boundary limit using (|2.7p and the boundedness of (^aja; + <&q,p) ^ -P/ow on i^(M) along 
with Lemma [8?2j 



gGZ2 p^Mniq) 

^E^^-*^" E "pi M (0)wp2 ,M (0)wp3 , j\/ (0)wp4 ,M (0)t;p5 J 
9ez pe^^^z{q) 

Wp 1 , M ^^^2 , Af ^'p3 , Af Wp4 , Af Wp5 ^ M 1 1 i 1 1 

9eZ pGAf-Riq) 
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The 0— boundary limit is bounded more directly as follows: 



Finally, we also have that 



E E 



,-4S[|gp+*,,p] i(t/,9> 



S 

^E^^^^ll E ^'^{■^Pl:M'"p2,M^'p3,A^^'p4,MWp5,M}||ilJ^l <||tToL5„4 A^"- 
This finishes the proof of (I5.26p . 

Independently, we also have that 

\\Vm\\1^hijrxt->.i) < E<«)'ll'^«.^^llirH^ ^2||u(0)||2,^. +M2|iz;|i2,^, 

and that 

II^m||xi(7) <||«Li,. 1 + C(||«||„5h4)M. 
Indeed, using Lemma 18.21 in the third line, 

\\itdt+Aj,y,j.)VM\\%.^j)<J2ii)'\\ E 



< 



E 



< 



peniq) 

E nLi(Pfc)lkp.,Af 11^5^^.10 X (g)n|^i(pfc)-i 

peTZ{q) 

5 



E(p)'iiv 



(5.27) 



and appealing to (|5.25p . we can justify ()5.27p . 

Using Proposition 1121 we conclude that, for M small enough (depending on vq), the solution Um of p.ip 
with initial data VAf(O) exists on / and that 



\\Um - VmWxhi) < £1 + C(|l?;o|U^ff4)M, 



which ends the proof. 



□ 



To understand linear and nonlinear evolutions beyond the large-scale window we need an additional 
extinction lemma: 
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Lemma 5.8. For any ijj e H'^'^{M. x T^) and any e > 0, there exists To — T{tlj,e) and Mq — Mo{tp,e) 
such that for any T > To and any M < Mo, 



||e'*^-xT=rllV'IU({M^|t|>T„}) <e. 



(5.28) 



Proof. By Strichartz estimates on M, and dominated convergence, there exists To — To(V'i s) such that 



x{|t|>To}) 



< £ 



1000 



(5.29) 



pel 

t2 I 



Let / = {\t\ > To} and Im = {M^\t\ > To}. We have that 



where we denoted by: 

Vp,M{x,t) = M^'^e'^'"'^-^i,^{Mx). 

Using the fact that e*^''^^?;p,M(a;, t) is supported in Fourier space in the box centered at q of radius 2 and 
Bernstein's estimate in y, we can estimate on M x x Im'. 



1/2 



^ \Vq^M{x,t)\^ 
g|~Af 



1/2 



Consequently we see that 

-/V>1 |(j|~Ar 



JV>1 



;,A^ ||2 



< 1000 



(5.30) 



<E('^)'ll^"'^^V^fllLl,(MxZ) 

if M is chosen large enough depending on ^jj and e. On the other hand, by Strichartz estimates p. 21) . we 
also have that 



N>1 



I ^po 



for po = 4.1, 1000. Interpolating this with ([Og]) gives (j??^ . 



□ 



We are now ready to describe the nonlinear solutions of (jl.ip corresponding to large-scale profiles. In 
view of the profile analysis in the next section, we need to consider renormalized large-scale frames defined 
by: 



J^is ■.H{Mk,tk,PkAk)k ■■ Mk < 1, Mk ^0,tke M, Pk - {xk,0) e M X t2 and & e K, ^ ^ Coo e 
and such that either = or M^tk — > ±00, and either ^k = or M^^S^k ~^ ±00}. 



(5.31) 



We can then describe the solution of (jl.ip with initial data given by a large-scale profile as follows: 
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Proposition 5.9. Assume that Conjecture 15.51 holds true. Fix a renormalized large-scale frame, S = 
{Mk,tk,{xk,0),^k)k e ^is, e H°-^{RxT^), and let 

(i) Fork large enough (depending only ont/j, S), there is a nonlinear solution Uk G X^(M) of the eguation 
p.ip satisfying: 

\\Uk\\xi-{R) ^£,,(0) 1- (5.32) 

(a) There exists a solution v E C(M. : h^L'^) of p.6p with scattering data Vq^°° such that the following 
holds, up to a subsequence: for any e > 0, there exists T{^,e) such that for all T > T{^,e), there holds 
that 

\\Uk - Wk\\xi({\t-t,\<TM--'}) < (5-33) 

for k large enough, where 

Wk{x,t) = e-^^l«''l'e"«'=VMja; - - 2ar,y,T), T = t-tk 
with defined in terms of v as in (j5.23p . In addition, up to a subsequence, 

\\Uk{t) - nt,_t^.,e"€''ll?,^||^,„±(,_,^)>^,,-.„ < e, (5.34) 
for k large enough (depending on ^,e,T). 

Proof. Without loss of generality we may assume that Xfc = 0. Using a Galilean transform and the fact 
that ^fc is bounded, we may assume that ^fc = for all k. We first consider the case when tk = Q for all 
k and we let v be the solution of (|1.6I) with initial data i>. Then, by Proposition 15.61 we see that there 
exists To — Tq^iP^e) such that 

sup \\u{t) - + V-4°^UiM,.it>T.}) < ^. 

t>Tn 



sup \\u{t) - e^''-^v^-'h^L^ + ||e^*"^^^V°°llvF(Kx{*<-To}) ^ ^' 



(5.35) 

\\u(t) - e—^-Vo WhiL^ + ||e'-"--t;o || wr»vO<_T„;^ ^ 

t<-To 

Fix T > Tq. Applying Lemma 15.71 we see that, provided that k is large enough, 

llC^fe - "^i\.fJlxi({|i|<TA/-^}) ^ 

This and Strichartz estimates, together with (|5.35p . Lemma 15.81 imply that 

At this point. Proposition 14.41 shows that Uk extends to a global solution Uk G A^(M) satisfying (j5.34p . 

We now turn to the case when AI^'^\tk\ — ^ oo. For definiteness, we assume that M^'^tk — ^ +oo and let v 
be the solutions to (11.61) satisfying: 

\\v{t)-e''''-nh^L-^o 

as t -oo. Let ip' = w(0) e H°^'^{R x T^) and let Vk be the solution of (dH]) with initial data Tj^i^^'- 
Applying the first case of the proof to the frame (iV^, 0, 0, 0) and the family Vk we conclude that: 

\\Vk{~tk) - Ilt^,oTtiJA\m(,MxT-) ^ 
as fc — >■ cx). The conclusion of the proof now follows from Proposition 14.61 and by inspecting the behavior 

of Vk. a 
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6. Profile Decomposition 

Recall the definitions (|5.11l) , (I5.12p and (|5.17p . We consider three different kind of profiles corresponding 
to different frames. 

Definition 6.1 (Frames and Profiles). (1) We define a frame to be sequence {Nk,tk,Pk, ^k)k m 2^ x 
M X (R X T^) X R. We distinguish the following three different types of frames: 

(a) A Euclidean frame is a sequence Te ~ {Nk,tk,pk,0)k with Nk > 1, Nk — )• +oo, tk G R, 
Pfc e R X T^. 

(b) A large-scale frame is a sequence IFis = {Mk,tk,PkAk)k with Mk < 1, Mk — 0, <fc G R, 
Pk = (xk.O) e R X T2 and ^fc € M, Cfc ^ Coo e M. 

(c) A Scale-1 frame is a sequence T\ = (1, 0)fc with tk e R, pfc G R x T^. 

(2) We say that two frames {Nk,tk,Pk,ik)k and [Mk, Sk,qk,ilk)k are orthogonal if 

+ Nl\tk - Sk\ + N^^\(,k -rik\+Nk \{pk - qk) - 2(4- - Sk)£.k]j = +oo. 

Two frames that are not orthogonal are called equivalent. 

(3) Associated to each of the above three types of frames, we associate a profile defined as: 

(a) If O = {Nk,tk,Pk,^)k is a Euclidean frame and if (j) E H^{M?), we define the Euclidean 
profile associated to (0, O) as the sequence 4>o,k with 

(b) If O — {Mk,tk,Pk,ik)k is a large scale frame, if Pk — (a;fe,0) and if ip E H^'^{M. x T^), we 
define the large scale profile associated to {tp, O) as the sequence ipo.k with 

i>o,k{x,y) :=n,,,p, [e^«'=-llf^^(x,y)] . 

(c) If O ^ (l,tfc,pfe,0) is a scale-1 frame and W G H^iM. x T^), we define the Scale-1 profile 
associated to {W, O) as Wo^k with 

Wo,k^Ilt,,p,W. 

(4) Finally, we say that a sequence of functions {fk}k C H^(E.x T^) is absent from a frame O if, up 
to a subsequence: 

{fk,^o.k)mxm 
as k ^ +00 for any profile 'tjjo.k associated with O. 

6.1. Orthogonality of profiles. This section summarizes some orthogonality and equivalence properties 
of frames. These are included in the following lemma: 

Lemma 6.2 (Frame equivalences and orthogonality). (1) Suppose that O and O' are equivalent Eu- 
clidean (respectively large-scale, or scale-1) frames, then there exists an isometry L of H^{M.^) 
(resp. 7?'''^(IR x 'f'^),H^{R x T^)j such that, for any profile generator ip G ij^(R^) (resp. 
X T2),ffi(R X T^)) it holds that, up to a subsequence: 

limsup IjLV'G^fe - '0O',fc|ki(RxT2) = (6.1) 

fc— )- + c>o 



lim 



In 



Mk 
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(2) Suppose that O and O' are orthogonal frames and ipO,k and 4>o',k are two profiles associated with 
O and O' respectively. Then 

lim (V'G,fc,0C)',fc)//ix//imxT2) =0, 

fc->-+oo 



k 



lim (|^o,fc|M0o',fe|3> =0. 



(3) If O is a Euclidean frame and ^o,k,4'o,k are two profiles associated to O, then: 

lim W'tpckWh^ + \\4>oA\l^ =0' 

lim (V'O.fc,0O,fc)//ix_f/i(RxT2) 0)ij-ixij-i(K3V 

(4) If O is a scale-1 frame and i^o,k,4'o,k are two profiles associated to O, then: 



lim (V'0,fc,'/'0,fc)ffixifi(ExT2) = (V'i0)//ix//i(RxT2) 

(5) If O is a large-scale frame and i^o,k,4'0,k are two profiles associated to O, then: 



lim |l-0o,fc|lL6 „(KxT2) = 0, 
lim (?Ao,fc, </i0.fe)_ffix//i(RxT2) = (■'/':0)ffO.ix/fO,i(RxT2) + |CooP(V', 0)l2xL2(RxT2) — ("0, '/')_H"0.i x_H"0.i(RxT2) 

where here ~ means bounded above and below by C and C^^ respectively for some C > 1. 

Proof. The proof is tedious but straightforward, so we omit the details (cf. [33], [31] )■ D 

6.2. Profile Decomposition. We are now in a position to perform a profile decomposition for bounded 
sequences of functions in _ff^(R x T^). 

Proposition 6.3. Assume that (j)k is a sequence satisfying 

sup ||'/'fc||L2(RxT2) + \\^x,y4>k\\L^mxT^) < E < +00, (a o\ 

fc>0 ^ ' 

then there exists a subsequence (which we also denote by ipk), a family of Euclidean profiles Lp^a j,, a 
family of large scale profiles ip^/j ^, a family of scale 1 profiles Wq., j, such that, for any A> 1 and any 
k > in the subsequence 

l<a<A l</3<'4 1<7<'4 

with 

lim limsup|le^*^«xT2i?A|| 0^ (g4) 
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In addition, all the frames are pairwise orthogonal and we have the following orthogonality property: 



1</3<A 



1<7<A 



/J||2 

L2(RxT2) 



l<a<A 



l</3<^ 



ll^a;,yW^''|li2(KxT2) + II Vx^y^fc |li2(RxT2) + OA,fc^+oc(l), 

1<7<A 



(6.5) 



1<Q<A 



i6(R3) + E II W^'''|li6(RxT2) + OA-!- + (X),fe^ + Oo(l), 
1<7<A 



w/iere = linifc^+oo ; OA,fc^+oo(l) ^ as fc ^ +oo for each fixed A, and OA^+oo,k^+oo{^) in 
the ordered limit liniyi_j.+oo linifc_j,+oo- 



As in 34 , this follows from iteration of the following finitary statement: 
Lemma 6.4. Let 5 > 0. Assume that (j)k is a sequence satisfying 

sup ||'/'fe||L2(RxT2) + II V2;,j^(/>fe||L2(RxT2) < E < +00, 

fc>0 



(6.6) 



then there exists a subsequence (which we also denote by (pk), A — A{E,S) Euclidean profiles ip^a A 
large scale profiles tp^fi f^, o^f^d A scale 1 profiles Wq^ /. such that, for any k > in the subsequence 

l<fl<A 1<7<A 



l<a<A 



with 



lim sup 



< s. 



I e'^*^«xx2 j^Ay^^^ ^ II g.tA«,,. II ^^^^^ ^^^^^ 

In addition, all the frames are pairwise orthogonal and we have the following orthogonality property: 
M{4>k)= Y Y M(W^^)+M(i?fc) + Ofe->+oo(l), 

1</3<A 1<7<A 

llv.,,0fe|ii2(RxT2) = Y II^"IIa^(r3)+ Y [l^^P^(^'') + llv.v^''lli2(RxT^) 

l<a<A 1<0<A 

+ Y^ ll^a;,J/W^'''||i2(RxT2) + II ^X^y^fe |li2(RxT2) + Ofc^ + Oo(l), 

1<7<A 

ll'/'fe|lL8(RxT2) = Y^ ll<<5"lli6(R3) + Y^ ll^'''|li6(RxT2) 

l<a<A 1<7<A 
+ ll-f^fc lli6(RxT2) + Ofc^+oo(l), 

where Ofc_).+oo(l) ^0 as k ^ +00. 



The proof of Lemma 16.41 will be completed in two steps: first we extract the Euclidean and Scale-1 
profiles by studying the defects of compactness of a Besov-type Strichartz/Sobolev estimate (cf (|6.8p ). 
This extraction leaves only sequences whose linear fiow has small critical Besov norm (cf. (j6.8p . (|6.10p ) 
but large Z{R) norm, from which we extract the large-scale profiles and finish the proof. 
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We start with the first step: For a sequence of functions {fk} in H^{R x T^), we consider the following 
functional 



Aoo({/fc}) = limsup||e'*^/fe 



:=limsup sup \{e''^ fk) {x,y)\ , (6., 

k^+co {N,t,x,y) 



where the supremum is taken over all scales > 1, times t S R and locations (x, y) e K. x T^. 

Lemma 6.5 (Extraction of the Euclidean and Scale-1 profiles). Let v > Q. Assume that ipk is a sequence 
satisfying (|6.6p . then there exists a subsequence of (pk, A = 0{v^^) Euclidean profiles 'fiQc, k! o^'^d A scale 

1 profiles Wo-<,k such that, for any k > in the subsequence 

(t>'k{x,y) ^ <f>k{x,y) ~ ^ ^o=,fc(a^,y)- X! ^o-<,ki^^y) (6-9) 

l<a<A 1<7<'4 

satisfies 

Aoo <J^. (6.10) 

Besides, all the frames involved are pairwise orthogonal and (f)'^. is absent from all these frames. 

Proof of Lemma lKR We first claim that if Aoo({/fe}) > i^, then there exists a frame O and an associated 
(Euclidean or Scale-1) profile 4'Ok satisfying 



limsup \\ipo,k\\H^ < 1 

/i:— f +00 



and 



lim sup 



{fk,i>o.k)mxm 



> 



(6.11) 



(6.12) 



In addition, if fk was absent from a family of frames O", then O is orthogonal to all the previous frames 

Let us prove the claim above. By assumption, up to extracting a subsequence, there exists a sequence 
{Nk,tk, {xk,yk))k such that, for all k 

V 



< 



Nk^ \{e''''^PNjk) {Xk,yk)\ = (A^;"e'*'=^PAr,/fe,5(,,,,,))pxp, 



< 



{fk,Npe-^*''^PNJi.^,y,))H^^H-^ 



Now, first assume that Nk remains bounded, then, up to a subsequence, one may assume that Nk iVoo 
and since Nk is dyadic, we may even assume that Nk — A^oo for all k. In this case, we define the scale-1 
profile O = (l,ife, {xk,yk),0)k and 

V' = (l-A)-iiVoo^Pw^Vo)- 

Inequalities (|6.12p is direct. The fact that ip is bounded in uniformly in A^oo follows from the limit 
below and implies (16. lip . 

Now, we assume that Nk -> +00 and we define the Euclidean frame O = {Nk,tk, ixk,yk),0)k and the 
function 

V = J-r/ (ICr'N'(C) - '?'(2C)]) e H\R'), C = {(1X2X3) G K'- 

It is not hard to prove that 



lim 11(1 - ARxT2)T'wfc'0 - A^fc ''PnJ(q.o)\\l 



fc"(0,0)llL6/s(RxT2) 







limsup ||rArj^Vl|ffi(KxT2) ^ 1- 
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Thus 11(1 - A^y^j2)TN^ip - Nj^ ^ PNk6(o,Q)\\H-'-(RxT^) and we conclude that 



2 ^ 



This gives (|02| . 



The last claim about orthogonality of O with O" follows from Lemma W?^ and the existence of a nonzero 
scalar product in (I6.12p . 

Now, continuing with the sequence {fk}k as above, if the frame selected in the previous step was a Scale-1 
frame, O = (1, 0)/c, we consider the sequence 

gk{x,y) := e'*''^ fk{{x,y) + pk) = U^(^t^,p^)fk- 

This is a bounded sequence in H^{M. x T^), thus, up to considering a subsequence, we can assume that 
it converges weakly to 1^9 € _ff^(R x T^). We then define the profile corresponding to O as (po,k- By its 
definition and (16.61) . ip has norm smaller than E. Besides, we also have that 

7;^ 1™ {fk,'tfo,k)mxm < lim (fffe^ffixffi = (</'»ffixffi. 

Z k^-\-oG k—>--\-oo 

Consequently, we get that 

Mh^>'^- (6.13) 
We also observe that since gk — f weakly converges to in H^, there holds that 

WAfkWh = WAgkWh = \\A{gk - ^)\\h + \\M\h + Ok{l) 
^\\A{fk^ipo,k)\\l2 + \\Aip\\l.+Okil) 

for A = 1 or A = Vx.y 

The situation if O is a Euclidean frame is similar. In this case, for k large enough, we consider 
My) - A^;^=^(2//(10iv|)) (n(_,,„_,,)A.) i^{y/Nk)), y G 

This is a sequence of functions bounded in iJ^(M'^). We can thus extract a subsequence that converges 
weakly to a function ip E H^{M.^) satisfying 

llvlli?l(R3) < 1. 

Now, let 7 € C^(R^); for k large enough, 

(/fc,70,fc)_H"ix//i(ExT2) = {^^{tk,Xk)fk,T^^l)H^xH^{mxT^) 
= {V,j)Hixm(m +Ofc(l). 

Form this and (|6.1ip . (|6.12p . we conclude that 

\Mm{R3^^i^ (6.15) 

and that 

hk= fk- ^o.k 

is absent from the frame O. Now, similarly to (|6.14p and using Lemma [6.21 we see that 

\\hk\\h = \\fk\\h+Okil) 

\\^x,yhk\\'i2 = \\yx,vfk\\'l2 + ||V(p||i2(R3) - 2{Vfk,Vipo,k)L^xL^ 

= liv,,,A.|ii2-iiv¥>lli.(R3) + ofc(i). 
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Defining — (j)k and for each a, f^^^ = f^ — i^c.k where V'C'°,fe is the profile given by the considerations 
above; iterating this claim at most 0{v^^) times and replacing 0^ by 

^t^'k — - ^'4'o-,k, 

a 

we obtain that {(f)'^] satisfies 

limsup \\<i)'k\\m <E< +00 (6.16) 

and 

limsup sup N~i\{e'*'^PN(t)'k){x,y)\<iy- (6.17) 

fc— ^+00 N>l^t,x,y 

This proves our lemma. □ 
We can now finish the proof of Lemma [ 



Proof of Lemma \6.4\ First, for v = v{5,E) to be decided later, we run Lemma 16.51 and extract some 
profiles. Then, we replace (jik by c^ij., thus ensuring that (|6.10p holds for the sequence {(l>'k}k- We now 
consider 

Ao({0'J) = limsup ||e^*^0'fe|U(K). 

If Ao({0'j,}) < (5, we may set — (j)'f. for all k and we get Lemma Assume otherwise. 

We claim that if {(t>'k}k satisfies Ao({0'j,}) > S and {0'j,} is orthogonal to a family of frames O", I < a < A, 
then there exists a frame O orthogonal to O", 1 < a < A and an associated profile (po.k such that, after 
passing to a subsequence, we have that 

limsup |l<?o,/c|lffi(RxT2) >s 1, (f>'k - ipo.k is absent from O. (6.18) 

Once this claim is established, the end of the proof follows by iterating the extraction process as in 
Lemma [ 



4po 



Since Ao({0j,}) > S, by Holder's inequality and Strichartz estimates p.2p . we have that, for po £ {9/2, 18} 
and qo 



" \Ar>l / ^ ^ ^ 



Using (|6.16p . we obtain that there exists a sequence of scales Nk > 1 such that, for some po in {9/2, 18}, 
We conclude that there exists a sequence hk £ C^{Rx ^ x Mj) such that 
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Now, for a given threshold B, we introduce the partition function 

, 1 if \\hk\\ r,' > B 



otherwise 



and we decompose 



hk{x,y,t) = /i>^ + /i<^ = hk{x,y,t)xB{[^]) + hk{x,y,t){l - Xb{[^])) 

so that 

sup\\h<^\\ < B. 

Using Strichartz estimates, we have that, for pi = 17/4 < po, 

hmsup7v|^~^ \\e'''^PN,<Pk\\ Jtm^ S hmsup < E. 

Interpolating with (16.17^ . we obtain that 



PI PQ -PI 



limsupiV™ ' II e^'^^fW, II <£;™jy^ 



We first observe that 



|supp r/»r)| <(2W«, 



*P0 



and consequently, by Holder's inequality in 7, 

PQ-Pl 

r , PQ-Pl PI PQ-Pl i ^ 

Consequently, for any fixed B > 0, we can choose v ~ I'iB, d) with 



1 2 PI PO PQ-Pl 

J/TS — ci? PO (5pq-2 5 3po+2 ^ 



for c > a universal constant sufficiently small so that. 
Using Strichartz estimates p.4p . we obtain that 



-isA 



3 _ 5 



R 



(6.19) 



3 ^ Po+2 Zo;:^ 
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Choosing B such that 



P0+^ 2 PO 

Jj3po + 2 = sE PO-2(5po-2 



for some absolute constant e > small enough and plugging into (I6.19p . we obtain that 

PO PO 2 — i 

(5po-2 <e,5po-2 +£;po-2iv™ \ 
If e > is small enough, we obtain a uniform bound 



PQ 



(6.20) 



To sum up, we have proved that if Ao({0jj}) > S, then there exists a sequence of scales {Nk} satisfying 
(|O0|) and such that 

Using again Strichartz estimates, we see that 

for p2 E {4.001, 1000} and using Holder's estimate, we deduce that 

\\PNte'^^(t)'k\\Ll_^_,(RxT^xR) > c{5,E) 

for some c{6,E) > 0. Here and below, c{6,E) denotes a small positive constant depending only on S and 
E which is allowed to change from line to line. 

At this point, we write 

^ = (zi,Z2)GZ2; \zi\<Nk 

where 

and, extracting a subsequence, we conclude that there exists z such that, for all k, 

supp(J-,0;;j C [-3Nk,3Nk] 
\\e''^''€,k\\Ll,iMxM)>c{S,E) (6.21) 

Wz,k\\H\M) < M. 

To proceed, we borrow the following proposition from [5l I15[ IST] (we use the version in |51j): 

Proposition 6.6 ( [T5j [51] ) . For any M,c{S,E) > 0, there exists a finite set C C L^(M) of functions 
satisfying, 

IMIl2(r) = 1, \\v\\Li(^SL)<SiE,M,S),yveC (6.22) 
and k{M,c{S, E)) > such that whenever u G L^(M) obeys the bounds 

\\u\\l2<M, ||e**^-«|L6^^(R^R) >c(J,i?), 

then there exists v E C and (A, ^q, to, xq) G R+ x R x M x M such that 

{u, v')L2^LHm > v'{x) = A^e"«« [e**°^«z;] {X{x - xo)) . 
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This proposition gives, after extraction, a function v G L^(M) satisfying (|6.22|) and a sequence {Xk,£,k,tk,Xk) G 
M+ X M X M X M such that 

«fe,i^fc) > Vk{x) = A|e"«'= [e^'^^'-v] {Xk{x ~ Xk)) . (6.23) 
We may assume that v has a compactly supported Fourier transform. 

We now claim that and \£,k\ remain bounded. Indeed, we compute that 

^k 

\m~'J'vM0\\LHl-4mAN,]) < V^Xl^S{M,E,S) 

1 

(j])dr\- 

The second line, together with (|6.2ip and (|6.23p implies that 

K < ^MS{M,E,5)\^ 

which forces Afc < Ck,{E,M,5) = irM^K-^SiM, E,S). Similarly, the third line, together with (p?^ 
and (|6.23p . along with the uniform bound on Afc and the compactness of the support of T^v, forces 
\^k\<C^{E,M,S). 

Assume first that A^ remains bounded from below. Then, up to extracting a subsequence, we may assume 
that Afc — > Aoo G (0,oo). Similarly, we may assume that ^fe — > ^ao- Then, setting 

4^{x,y) = e*<^^^>e"«~Aii;(Aoo:E), t'fc = -A^^t,, 4 = Xfc + 2^^^ 
and defining the frame O = {(l,^^;, (^^fc, 0), 0)fc}, we see from ()6.23p that 

^ < (FAr,^l.,e*<^^^>e^^«'=A| [e-'*>'^-v] {\k{x - Xk))) 

< (0'fc,e*("'=«~-*''=(l"l'-l«~l'»Pw,e-<^«xT2^(:c-4)) +Ofc(l) 

Since 1 < A'^fc < 1 is dyadic, we may assume (up to a subsequence) that iVfc = iVoo- As a result, setting 
= -P/VooV': we see that the Scale-1 profile V'o.fc satisfies both (|6.1ip and (|6.12p . We also conclude that 
O is orthogonal to O", 1 < a < A. In addition, proceeding as in the proof of Lemma [6.41 we find ip 
satisfying (|6.18p . 

Assume now that Afc 0. Let Mk be a dyadic number such that 1 < A^T^Mfc < 2 and consider the 
sequence 

<i>k{x,y) ^ M;K- 

We have that 

ll*felli2(RxT2) + W^v'^kWh^RxT^ < + £;^ 

hence, up to extracting a subsequence, we may assume that $fc ^ $ in _ff°'^(M x T^). We define 

t'k^~M-Hk, i'k = -ik. x'k^Xk + 2Ul 

and O = {Mk,t'f., (2;fc,0),^^). Then we obtain from the existence of a nonzero inner product (I6.23P that 
O is orthogonal to O", 1 < a < A and we see from the definition of $fc that (|6.18p holds with (f = e*^°°(f> 
for some 6100 G M/Z. This finishes the proof. 

□ 



\'"k\\H-H 



I 

1 + 16 + AfcT^I 



<P'k{Xk 



Mk 



,y) 
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7. Induction on energy 



7.1. Proof of Theorem 11.31 We are now ready to prove Theorem 11.31 We follow an induction on 
energy method formalized in [36l [S^ . Define 

A(L) = sup{|l^.|||(,) : u G XUl),E{u) + ^M{u) < L} 

where the supremum is taken over all strong solutions of full energy less than L. By the local well- 
posedness theory in Theorem II. 1[ this is sublinear in L and finite for L sufficiently small. In addition, 
define 

Lmax = sup{L : A(L) < +oo}. 
Our goal is to prove that Lmax = +oo. As in 53], the key proposition is: 

Proposition 7.1. Assume that Lmax < +oo o,nd that Conjecture \L2\ holds for Lmax- Let {tk}k, {o-k}k, 
{&fc}fe be arbitrary sequences of real numbers and {uk} be a sequence of solutions to p.ip such that 
"fe ^ ^lioci^k -ak,tk + bk) and satisfying 

L{Uk) ^ L^ax, \Wk\\z(tk-akM) ^ ll"fellz(tfe,tfc+6fc) ^ (^-l) 

Then, passing to a subsequence, there exists a sequence Xk G R and w G H^{R x T^) such that 

Wk{x,y) ^ Uk{x - Xk,y,tk) w (7.2) 

strongly m H^{RxT'^). 



The proof of this key proposition is postponed to the end of this section. 

Corollary 7.2. Assume that Lmax < +oo and that Conjecture \LS\ holds for some Em^^ > Lmax- Then, 
there exists u G Xl^^{M.) solving (|1.1[) and a Lipschitz function x : R — M such that L{u) = Lmax o-nd 

sup|£'(i)l < 1 

ten (7,3) 
{u{x - x{t),y,t) : t G K} is precompact in i/^R x T^). 



Proof of Corollary \7.S\ Assuming that Lmax < +oo, wc can find a sequence of solutions of (|l.ip Uk 
satisfying (|7.ip . Applying Proposition 17.11 we can extract a subsequence and obtain a sequence Xk such 
that dZll) holds for some w e H^iRx T^). Clearly L{w) = Lmax- Let U e C{I : H^) be the (maximal) 
strong solution of (|l.ip with initial data w, defined on / = (— aoo,&oo)- A consequence of the local 
wellposedness theory and (|7.ip is that 

l|W^llz(-a^,o) = l|W-||z(oA^)=+oo. (7.4) 



We first claim that there exists k > such that for all t in /, 

l|C/|U(t-2M+2«) <2. (7.5) 

In particular, U is global, a^o — &oo = oo. 

Assume (|7.5p is not true. Then there exists a sequence tk € I such that 

We can apply Proposition 17.11 to the sequence U{tk) and obtain that, up to a subsequence, there exists 
Xk such that Uk{x,y) := U(tk,x — Xk,y) — > w in . Let W be the nonlinear solution of (jl.l[) with initial 
data uj. By the local wellposedness theory in Proposition 14.41 there exists k* > such that 

\\W\\z(-..,.>) < 1 
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and still by the stability theory Proposition 14. 6| we obtain that, for k large enough, 

\\U\\z(tk-K',tk+K') < 2 
which gives a contradiction for k large enough. 



We now prove (|7.3p . We define the sequence of times {t^} — {kn} and for each t^, we define Xj, and Rk 
such that 
1 
2 



\u{tk,x,y)\^ + \Wu{tk,x,y)\^ + ^\u{tk, x,y)\'^ 



dxdy = m/lQQLmaa^ (7.6) 



and Rk is minimal with this property. While Xj, is not necessarily unique, we claim that there exists D 
such that for all k, 

Rk<D, \xk^Xk+,\<D (7.7) 

and that 

{u{tk + s,x — X/.), k £ Z,s £ (— K, n)} is precompact in H^(R x T^). (7.8) 

The fact that the R^ are uniformly bounded is a direct consequence of compactness up to translation of 
{u{tk)}k- Assume now that {vkix,y) = u{x — Xf.,y,tk)}k was not precompact in H^(R x T^). Then, we 
could find £ > and a subsequence k' such that for all k[,k'2, 

\\vki' - Vk2'\\HHRxT^) > £■ (7.9) 

On the other hand, applying once again Proposition 17.11 we see that there exists a sequence a;*^ and a 
subsequence of k' such that 

Vk"{x -x'^" ,y) 'w{x,y) strongly in iJ^(R x T^). 

Necessarily, from (j7.6p . {x'^Jk remains bounded, so that the convergence of {vk"}k contradicts (|7.9p . 
Using (|7.5|) and the precompactness of {vk}k, we obtain (17.81) . For the same reason as above, this implies 
the second statement in (|7.7p . Choosing x{t) to be a Lipschitz function satisfying x{tk) = x^, we obtain 
(1731). This ends the proof. □ 

Now, we can finish the proof of our main theorem. 

Proposition 7.3. Assume that u satisfies the conclusions of Corollary \ 7.2\ then u — 0. In particular, 

Proof. Assume that m 7^ 0. Then, from the compactness property (j7.3p . we see that there exists p > 
such that 

inf niin(||w(t)||i6_^(RxT2), |!u(t)||L2_^(KxT2)) > P- (7.10) 

The proof we use is adapted from an argument of Duyckaerts-Holmer-Roudenko ^3] (see also [15]). The 
fundamental tool is a monotonicity formula derived from the conserved momentum 

Mom(u) = Im / u{x,y,t)Vu{x,y,t)dxdy. 

jRxT2 

First, replacing u bj{3 

v{z, t) = e-*l«"l'*+'<^^^°>M(z - 2^oi, t), M{u)^o = -Mom(u) 
M{v)^M{u), E{u) = E{v) + \Ca\^M{u) 



1^50 is well defined since M{u) ^ hy 117.1011 . 
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we may assume that u satisfies 

Mom(u) = (7.11) 

in addition to (I7.3p . 
Define the Virial action by 



for xr{^) = xi^/R) and x satisfies x{^) = 1 when |a;| < 1 and xi^) — when |a;| > 2. Clearly 

sup|Afl(t)| <i?. (7.12) 
t 

Independently, we compute that 
d 



dt 



A^j = — x'(i)Im / u{x,y,t)dxu{x,y,t)dxdy 



xT2 



^'(0 / { {x')r{x - ^(0)—^^ - (1 - Xr{x - x}) \ Ini [u[x, y, t)dxu{x, y, t)] dxdy 



xT2 

+ / xr{x ~ x{t)){x - x{t)) ■ dtlm[u{x,y,t)dxu{x,y,t)]dxdy. 
The first line vanishes thanks to assumption (|7.1ip . The second line can be bounded by 
[ [ [\u{x,y,t)\^ + \Vuix,y,t)\'']dxdy = ORit) 

J {\x~x{t)\>R} Jt^ 

where, thanks to (|7.3I) . 

sup Onit) -^0 as +oo. (7.13) 
t 

Since 

SJm [u{x,y,t)dxu{x,y,t)] = 9xA— 2div {Re{i9a;uVw}} - -dx\u\^, 

we get that 



dxdy 



j^Ar = A ^^XR{x-xit)) |i|9,u(x,j/,t)|2 + i|u(a;,y,i)|«|da^dy 

^^y)R{x-m)'^^^\^,^\dMx,y.tr + \\u{x,yM^ 
\:i^^^^l^dl [(^ _ ^{t))xR{x - xm dxdy + Onit) 

xT2 ^ 

\l\dMx,y,t)\^ + l:Hx,y,t)A dxdy + dnit) 

where Ofl(i) satisfies the same bounds as Oii{t) in (I7.13p . Integrating this equality, we obtain 

\AR{t) ~ Ar{0)\ > 4tp - t sup ORit). 

t 

Taking R sufficiently large and using (|7.13p . we obtain, when t is sufficiently large a contradiction with 
((712)) . This finishes the proof. □ 
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7.2. Proof of Proposition [731 

Proof. Without loss of generality, we may assume that tf^ = 0. We apply Proposition 16.31 to the sequence 
{uk{0)}k which is indeed bounded in _ff^(R x T^). This way we obtain, for all J, 

uk{o)^ ^ E ^o->.k + Ri- 

l<a<J 1<I3<J 1<1<J 



Case I: There are no profiles. Then, taking J sufhciently large, we see from (|6.4p that 

V'^Ukm\zm = \\e''^Ri\\zm<So/2 



for k sufficiently large, where So — So{Lmax) is given in Proposition 14.41 Then we see from Proposition 
14.41 that Uk can be extended on M and that 

lim llMfcllz(R) < So 

k—^+oo 

which contradicts (|7.ip . 

Hence, we see that there exists at least one profile. Using Lemma |6^ and passing to a subsequence, we 
may renormalize every Euclidean profile, that is, up to passing to an equivalent profile, we may assume 
that every Euclidean frame belongs to J-"e, every large-scale frame belongs to Tis, and that every 
Scale- 1 frame O'' belong to J-i, where J^e was defined in (|5.10l) . Tis was defined in (I5.3ip . and 

Ti := {{l,tk,Pk,0)k ■■ either \tk\ +oo or tk = 0}. (7.14) 



Besides, passing to a subsequence once again and applying Lemma 16.21 we may assume that for every 
a 7^ /3, either iV^ /iVf + TVf /N^ +oo as fc -> +oo or Nj^ = for all k and in this case, either t"^ = 
as fc -> +00 or {Nj^)'^\t'^ - *f I ^ +0° as fc ^ +oo. 

Now for every linear profile, we define the associated nonlinear profile as the maximal solution of 
with the same initial data. More precisely, 

(1) If is a Euclidean frame, this is given by Lemma 15.41 This nonlinear profile is noted U^''^ . 

(2) If is a large-scale profile, this is given by Lemma EH This nonlinear profile is noted U\^'^ . 

(3) If = {l,t'^,x1)k is a Scale-1 frame, then letting W be the maximal strong solution with 
initial data cj^ £ H^(M. x T^) if tj. = 0, and be the unique nonlinear solution which scatters 
to e'*'^8xT2^7 as t — )■ ±oo if tk Too, we have that 

ul--'{x,t) = w^{x-xit-q). 

From ()6.14p and defining 

LE{a) hm (e{^^^,^) + = E^.{^") e (0,i„,J, 

fc— S-+00 \ Z J 

LiM := ^hin^ (^Eii^l. J + ^Af(^f, = II V/||?fo,i(KxT2) e (0,i™a.], 
Lih) lim (e{^1-, ,) -t- iM(5j, = EiW) + hliW) € {0,L^a.], 

fe— >+oo \ ' Z 'J Z 
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we see that 



hm [ y [Lsia) + + Lih)] + hni L{Ri)] < L^a.- 

J—^+oo ^ — ' fc— !-+oo 
l<a,,3,7<J 



(7.15) 



The numbers Lsia), Lis{f3), £1(7) and hnifc^+oo L{Rl) are all well defined up to taking a subsequence. 
Up to relabelling the profiles, we can assume that for all a, L^{\) > L^{a), fi G {E, Is, 1}. 

Case Ila: Le{1) = L„iax, there is only one Euclidean profile, that is 

Ufe(O) = !p£,k + Ofe(l) 

in H^{M.x T^) (see (|7.15p ). where is a Euclidean frame. In this case, since from (|5.13p the corresponding 
nonlinear profile Uk satisfies 

\\Uk\\z(R} ^E^siv) 1 and ^ Hm^ l|C^fe(0) - Uk{0)\\ h^rxt^) 

we may use Proposition 14.61 to deduce that 

ll"fc|U(R) ^ ll"fe|Ui(R) ^L™ax 1 

which contradicts (17.11). 



Case lib: Lis{l) = L^ax, there is only one large scale profile, that is 

Ufe(O) = V'5,fe + Ofc(l) 

in (see (|7.15p ). where 5 is a large-scale frame. In this case, since from (|5.32p the corresponding 
nonlinear profile Uk satisfies 

\\Uk\\z{R} ^IIVIIhO.i ^ ^'^^ fei!™oo 1'^'=^*^) ~ '"fc(0)|lffi(RxT2) 



we may use Proposition 14.61 to deduce that 

ll"/c||z(R) < llufclUi(R) 1 

which contradicts (|7.ip . 

Case lie: Li(l) = Lmax and, using again (I7.15p . we have that 

Uk{0)=^o.k + Ok{l) mH\RxT^), 

where O — {{l,tk, Xk,0)} is a Scale-1 frame. If tk = 0, this is precisely conclusion (|7.2p . If tk — > +00, 
then, we observe that 

||e^*^»-=SoJU(.,,o) < V''^-^-^^oJ\zi-oo,o) = lle^*^»-^t.|U(-oo,-t.) 
which goes to as fc ^ +00. Using Proposition 14.41 we see that, for k large enough, 

WukWzi-oofi) < Sq 

which again contradicts (|7.ip . The case tk +00 is similar. 

Case III: £^(1) < Lmax for all ^ € {E, Is, 1}. In this case, we construct an approximate finite-Z— norm 
solution of (jl.ip with initial data Uk (0) and derive a contradiction by invoking Proposition 14.61 Since 
there exists 77 > such that for all a > 1, e {E, Is, 1}, Lf^{a) < Lmax — "H, we have that all nonlinear 
profiles are global and satisfy, for any k, a>l and ji G {E, Is, 1} (after extracting a subsequence) 

llC/riU(M) <2A(L,„,,-77/2)<l, 
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where from now on all the implicit constants are allowed to depend on A{Lmax — v/'^)- Using Proposition 
14.61 it follows that 

mixnE)<l. (7.16) 

For J, fc > 1 we define 

f^p™/,.:=E E (7.17) 

a=l fie{E,ls,l} 

We show first that there is a constant Q < 1 such that 

\Kofjh+ E E \\ur\\h<Q^ (7.18) 

l<a<J fie{E,ls,l} 

uniformly in J, for all k sufHciently large. Let So — So{2Lmax) defined in Proposition 14.41 From ()7.15p . 
we know that there are only finitely many profiles such that L{a) > 5o/2. Without loss of generality, we 
may assume that for all a > A, L{a) < Sq. Using (j6.14p . (|7.16l) . and (|4.8|) we then see that 

\\Uprof,k\\x^R) = II E E ^k'^Wx^R) 

l<a<J fie{E,ls,l} 

<ii E E ur\\xHR) + \\ E E iur-^''^urm\\xHR) 

l<a<A f^e{EAsA} A<a<J fj,e{E,ls,l} 

+ iie^*^ E E urmixHR) 

A<a<J fj.e{E,ls,l} 

< E E \\ur\\x^m+ E E L,{a)i 

l<a<A ^£{E,ls,l} A<a<J fie{E,ls,l} 

+ 11 E E urmiHHR.r^) 

A<a<.J fj.e{EJsA} 

E E ^m(«)Hii E E ^r(o)iUM«xT^)<i. 

A<a<J fj,e{EdsA} A<a<J fie{E.,ls.l} 

The bound on X]a=i S^efB is 1} ll^fc '"llxi(R) similar (in fact easier), which gives (|7.18p . 
We are now ready to construct our approximate solution. Let F{z) — \z\^z and introduce the notation: 

F'(G)u:=Z\Gfu + 2G'^\G^u (7.19) 

For each B and J, we define 5^'"' to be the solution of the initial value problem: 

zat5 + A.g-F'(C/^% ,)5 = 0, g{Q) ^ RI (7.20) 

The solution 5^'"' is well defined on M for k > ko{J) and satisfies: 

hk-'llxHR) < Q'- (7.21) 

for some constant Q' independent of J and B. This follows by splitting R into 0{Q) intervals Ij over 
which ||C^j^o/ /cllz(7j) is small and applying the local theory in Section |4] (in particular Lemma 143]) on 
each subinterval. 

We now define the approximate solution: for A to be chosen shortly, we let 
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Uf"^' -Kro},k + 9t' + U>if^, Where C/>^,,, = ^ ^ (7.22) 

A<Q<,7 /^e{£;,;s,i} 

which has Ufe(O) as its initial data and satisfies, for any 1 < A < J , the bound: 

\\ur-'\\xHm<m+Q') 



for aU k > ko{J). The stabihty resuh in Proposition 14.61 with AI = 6(1 + Q + Q') gives us an ei = 
ei(M) < j^(]^_)_Q^Q,-) for some K sufficiently large, such that if the error term defined below in (|7.24p 

satisfies ||e^||jv(R) < ci, then we can upgrade the uniform X^(R) bounds on JJ^pP''-' into a uniform bound 
on ||Mfc||z(R) thus deriving a contradiction. To do this, we first choose A so that: 

\KrofJhim+ E E \\Ur\\him^^l° for any J > A and fc sufficiently large, (7.23) 

A+l<a<J fj,e{EdsS} 

which is possible by arguing as in (17. 18^ . With A fixed as above, the rest of the proof depends on 
Lemma 17.41 and Lemma 17.51 proved in the next subsection to bound the error term resulting from the 
approximate solution U^^^'"^ as follows: 

ei ={idt + A^^j2)U^PP^' - FiU^PP^-") (7.24) 
= - FiU^%^, + gt' + U>if^,) + nun + F'{U^,,f^,)gt' (7.25) 

l<a<J 
AiG{-E,!s,l} 

= - F{U^,,f^^ + 5^ ^ + f/>^^ ,) + + g^-') + F{U>i^^,) (7.26) 

- FiUprofM + 9k') + F{U^,,f,k) + F'{U^,,f^,;)gt' (7.27) 

-^^(C/p™m)+ E ^(^D (7-28) 

l<a<A 
AiG{-E,Zs,l} 

-F{U>ij,,)+ E P^^D (7.29) 

A+l<a<J 
/jG{E,/s,1} 

By Lemma [431 (tLSS]), and (fTASj) . we estimate: 

iiraiiiv(M) < (iic^p™m + iit^p;o/,feiUi(M))' iic^>o/,feii^HK) < 

for fc large enough. By Lemma 14.31 Lemma 17.51 we boundFl 

\\m^\\N(m < {\\u^rof,k\\x^m + ht'Wx^m)' ht'Wz'm < (Q + QO'llSfe '^IIz'(m) < ei/4 

if J is sufficiently large and k > ko{J) for some ko{J). Turning to (|7.28p . by Lemma [LH 

I|(IL281)|U(«) <^ mnun^UunUm < ei/4 

(aj,fij)e{l,...,A}x{E,ls,l}, 'i = l,2 1=3 
(ai ,^^l)^(a2,^^2) 



^■^The last term in I I7.27I I was introduced in 117.4011 precisely to guarantee that only quadratic in g"j^''^ factors appear in 
l)7.27|l : otherwise one is left with terms like \U^''^\'^g^''^ that cannot be bounded using Lemmas 17.41 and 17.51 



QUINTIC NLS ON R X 



43 



if k is large enough. Finally, by (|7.23p , 

I|(II111)|U(«) <ll^^(C^>o/,fe)llA^(«) + E 

A<a<J 

^\\^pr^f,k\\x^m) + E ll^pro/,fcllxi(R) ^ ^l/*^- 

A<Q<J 

^ie{_E,is,i} 

The upshot is that ||e^||jv(R) < ei if J is sufhciently large and k > fco(J). Invoking the conclusion of 
Proposition 14.61 we get that Uk extends as a solution in (l^) satisfying: 

ll'"fc|U(R) < +00, 

which is in contradiction with ()7.ip . □ 



We are thus left with proving the following two lemmas: 

Lemma 7.4. Assume that , U^, C^^S ^ '^'^^ fi"^^ nonlinear profiles from the set {t/^''" : 1 < a < 
A, fi E {E, Is, 1}} such that and correspond to orthogonal frames. Then: 

3 

limsup|lt/fe"^f []f/,^ijv(R) = where, for 6 G {a, 7i, 72, 73}, f/f e {Ut^Ul} (7.30) 

fe^+oc 

Lemma 7.5. For any fixed A, it holds that: 

limsuplimsup Wg^''' \\z(s.) = 0. 

J— )- + co fc— >+oo 

7.3. Proof of Lemma l7.4l We start with some notational simplifications: We will often use the notation 
U^, instead of , due to the fact that all our estimates are invariant under complex conjugation 
of any of the arguments. 

Based on the analysis in Lemma [621 "^6 only need to consider non-linear profiles generated by renormal- 
ized frames. Recall that these were defined in ()5.10p . (|5.3ip . ()7.14p for Euclidean, large-scale, and scale-1 
frames respectively. Note that any frame is equivalent to a re-normalized frame by Lemma 16.21 

Let 6* > be an arbitrary small parameter. If is a scale-1 profile, then the nonlinear profile [/^ — Ujl^'" 
associated to the linear profile ujq^ ^. can be decomposed as follows: there exists parameters T'^ and R"^ 
depending on 9 such that: 



7. +00 , 7, — 00 . 7 1 7 

= + ^fc +^k+Pk 

IIp^IUhr) + l|e'*Mllz'(±[T.,+oo)) + 11(1 - P^(R,yiP<R-r)V''\\xHm) < 
IDT^VI < R'^'^s'' for < m < 3 

I x,y I rNj Dj. — — 

SuppF'^ C := {{x,y,t) e M x x M : |i| < T'', \x\ < R^}, </)J = P<R-,f±. 
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If £^ is a normalized Euclidean profile, then the analysis in Section 15.11 allows us to find W and 
depending on 9 such that 

JtArpe ,7 



lte[(Ar;!')-2T^,+oo)e""T'> 



^t(^{-oo,-(N2)~^Ti)^" 



7, + oo , 7. — oo 



I 7,±oo|i 

l^fc \\z' 



W^(fl-')-i<lV|<JV^fl-')K'IUi 



< e 



pi 



l!Pfcllxi(R 

iD^yVk^l < i?^(7V,^)i/2+"ls- for < fc < 3 

Suppy,? C {(a:,y,t) G R x x M : |i| < [N^r^T^ \ix,y)\ < (A^,^)"'i?^} 

^± = P(R-i)-^<-<R-i4>±i ||^±||li(r3) < 

Finally if C is a large-scale profile, then the analysis in Section allows us to decompose: 



(7.32) 



itA Mk-xrpls i7 



7, — cxj 



IPfellxi 



I 7.=l=oo|| 



IIV'Jllxi(R) + ||'/'±||_ffO-i(KxT2) < 1 

iD^DyVkl ^ Wi^Nlf/'^+'^lsi for < m, fc < 3 

SuppF,:^ C SI ■= {(a;,y,t) e M x x K : |i| < {N^y^T^ \x - 1ilt\ < {N^)~^K^} 

0X = P<R-^4>±, 

for some W and depending on 9. 



< 



(7.33) 



The decomposition for Euclidean and large-scale profiles follow from Propositions l5.4l and l5.9l The further 
frequency and space support properties are either consequences of the latter propositions or are obtained 
a posteriori by truncating and incurring an error smaller than 9 in X^(R) which is absorbed in pj^. In all 
three cases above, we denote by the translate of S^. by m,pl), so that suppw^ C 5^. 

Proof of Lemma \7.4\ For each S £ {a, /?, 71, 72, 73}, we decompose as above with a smallness param- 
eter 9. Expanding the product U^U^ Y^i=i U'k into its constituents, we directly notice that by Lemma 
14.31 any monomial containing at least one factor of contributes < 6* to (|7.30p , and similarly for any 
monomial with more than one factor of type 0;*'^°°. 

There remains only two possibilities: either there are two different bulk terms o;^ and and we can use 
Lemma 17.61 below, or there are four copies of the same, up to conjugation, bulk (say wj?) and a linear 
term 0;^'^°° and we can use Lemma 17.71 below. Since 9 is arbitrary, we are thus only left with proving 
Lemmas 17.61 and 17.71 

□ 

Lemma 7.6. With the notation as above, suppose that f^, /|, and f^ G X^(M) with unit norm. For 
any 9 > and 1 < a, (3 < A that correspond to orthogonal frames, there holds: 

3 

limsup||^,"wf n/fcll^(«)=0- (7-34) 

fe— !- + 00 ^._-|^ 
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Lemma 7.7. With the notation above, for any 9 > 0, and any 1 < a, l3 < A that correspond to orthogonal 
frames, 

limsup|!D4,i(w",c.f'^°°)lk(R) =0. (7.35) 

Recall that D4^i(a, b) represents an expression which is 4-linear in {a, a} and linear in {6, b}. 

Proof of Lemma \776\ Recall that by Lemma [6?2] we may assume that either N^/N^ 

In the latter case, either {N^^'^ - | + {N^r'\^^ - I ^ +^ or t", - and 4" - • 

We fix K > 0. We start by assuming that N^/N^ +oo and let = (f^ -T'^iN^)-^ ,t'^ +T°'{N^)-^). 
Assume also that oj^ corresponds to a large scale profile or a scale- 1 profile. In this case, there exists 
D = D{k) such that 

l|-P>Dwf llxl(R) < K 

and therefore, 

MiP>D4)flfkfk\\NiI^)<n. 

Independently, using (|4.6I) we also see that 

\KiP<Di^^)flfkfi\\mi^} = \Ki^isP<D4)flfifl\\Nim <e,. Ui^^^hm 

<e,K Ok{l) 

where the last line follows from the estimate in the fifth line in (|7.31l) and (I7.33p . 

It remains to consider the case when both profiles are Euclidean profiles. In this case, there exists 
D = D{k) such that 

\\P<D-^N^^k\\x\«) < n whereas \\P>DNt^^k\\xum ^ C^-^^) 

and using (|7.36p and (|4.6p : 

3 3 3 

M4 n flWmm < \\{P<D-m;^u^k)4 n flWmm + \\{P>D-m^^k) ■ {P>DNt4) 11 ^iW^m 

3 

3 

and once again, since for k large enough, D~^N^ >> DN^, using ()4.6p and the fifth line in (j7.32p . 

3 

\\{P>D-^N^u'i) ■ (%P<cjvf^f)n /fellow l|l/,"^fl|z(R) -Ofe(l). 

J = l 

This finishes the proof of the case /N^ — > +00. 

Now assume that = N^. If -/V||i^ — if | — ^ +00, then by inspecting the time supports, we get that 
w^w^ = for large enough k. As a result, to continue we may assume = t^. 
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-oo. In this case, if 
as /c — > +00 such 



Assume now that we have two large scale profiles and that (Nj^) — | 
{x,y,s) eS^nS^, then 

(iV,")-ii?" >\x- ^\x- 2ef s - 2(e," - )s| > N^\s\ ■ [(iVr)-'l4" - ef I 

as a result, we see that there exists an interval Ik of length satisfying {N^)^\Ik\ — 
that 

and using the fifth line in (|7.33l) . we have that 

l|l/.WfclU(M) + l|l/.^fl 

Using Lemma 14.61 we deduce that 

M4flfkfl\\N(M) ^ 

Finally, we are left with the case when iV^ = ,ifc = ^f, and Cfc = Cf, but (iV^)|x^ - x'^l ^ +00 



as fc -> +00. 



Here, (|7.34p follows directly since w^o;^ = for large enough k. Since k > was arbitrary, the proof is 



complete. 



□ 



Proof of lemma \7. 7[ Using that 
we see that 

ll^4,l('^fe,wf'=^°°)||ii(/=,ffi) 



< 



|3,±oo^ 



where = {f^ - T°'{N^y^,t'^ + r"(7V^)-^). Since we also have that 



if iV? > 1 



0. 



(7.37) 



(7.38) 



we get that when /N^ 



a , B,±oo\ 



lim sup ||D4,i(wfc,w^ 



Assume now that Nj^ = . If {Nj^)^\t'^ — +00, we may simply use the t^^^^ decay of the 

propagator e**'^ and replace the first bound in ()7.38p by 

r n —1/2 

and conclude similarly. If q = if but {N^)-'^\^'^ - | + iV^"|(a;^ - ) - 2(^° - )i^| -> +00, then, it 
is easy to see that 

l5=D4,i(wfe,^f'^°°) ^ in LliR,Hly{R x T^)). 
It remains to consider the case N^/N^ -> +00. Fix k > 0. There exists 5 — S{k,6) > such that 



XI (R) 



< 



SO this gives an acceptable contribution. Similar considerations hold for (— cx),0). Independently, esti- 
mating cliJ? in L^^y f^ in (|7.37p and using that 
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which follows from: 

\\P>Ke''''(b\\L^Ll^ < K-^^^mL2(^^^r2) (7.39) 
(Plancherel in {y,t) and change variables, cf. (2.13) in [34 ), we also find 

||D4,iK",P>,^.c.f'±°°)Li(,.,^.) 5-'/^{N^/N^)i 
Since k > is arbitrary, this finishes the proof. □ 

7.4. Proof of Lemma 17.51 

Proof. We would like to show that for any fixed A the solution g^''^ of: 

+ ArxtOs^^^ - i^'(C/p™/,fc)3fc = 0, gfiO) = Ri (7.40) 
with F{G)u being defined in (I71B and C/^o/,fc in (|7T7| . satisfies: 

limsuplimsup ||g^'"'||z(R) =0. (7.41) 

J— >+oo fc— > + oo 



The key point here is that Rj. satisfies the following: 



sup||i?;l||/i-i(RxT2) < 1 and limsuplimsup||e*''^«xT2 7^J||^^jj^ =0. (7.42) 

J,k J^+oo fc— >+oo 

Throughout this proof we will keep using the following claim that follows easily from a simple analysis 
similar to that in Proposition 14.41 

Claim: Suppose that for each 1 < « < 4, u^, u- satisfy: 

4 

||Mj|Ui(R) + ||Wi||xi(K) ^ ^' II'iIIa'(R) < +00 

i=l 

then for any E iJ^(R x T^), the solution g{t) of the initial value problem: 

{idt + A)g + u}j g + u'^ g ^ h, g{0) = go 
exists for all time in Xj!^(R) and satisfies: 

ll3llxi(R) ||t/o|lHi(RxT2) + |l/i||Af(R)- (7.43) 

As a result of this and the fact that Uj^ are uniformly bounded in X^(M), we obtain that g^ "^ is well- 
defined on R and satisfies: 

sup Wgt^'WxHR) < 1. (7.44) 

Let > be given. We will prove the lemma by showing that the left-hand side of (|7.41|) is < VO. This 
will be accomplished in three steps: 

Step 1: (Reduction to profile cores) With 6 fixed as above, we decompose each profile C/^ for 
1 < a < A as (j7.3ip . ()7.32p . or (j7.33p with smallness parameter 9. Let /i^ be the solution of the initial 
value problem: 

{idt + A^^j2)hi ~ F'iOhi^^, m = Ri- (7.45) 

l<a<A 
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By the above claim we have that h'l e X^(K) and satisfies: 



sup||/ife||xi(R) ^ 1- 

J,k 



We will reduce our problem to proving: 



lim sup lim sup 1 1 /i^ 1 1 z( 

J— ^+00 /c— >oo 



< 



In fact, assuming (|7.46l) . we show that: 



limsuplimsup \\g^'-^ - hi\\xi{K) < 0^^'^- 
To see this, define (k — g^'"^ — h'l which satisfies the following equation: 

\ l<a<A 

+ E {F'm)hi~F'iu;^)hi) 

l<a<A 

Estimate (|7.47p would follow directly (for k large enough) using (|7.43p once we show that: 



(7.46) 
(7.47) 



lim sup 



lim sup lim sup 

J— )- + CXD fc— > + 00 



l<a<A 

E {F'{Unhi~F'iu;Z)hi] 



< 



N{m) 



l<a<A 



< 



(7.48) 
(7.49) 



Af(R) 



To prove (|7.48p . expand 

l<a<A l<a,l3,-y,S<A 

where the first two profiles differ by more than complex conjugation, then expand each profile as in (|7.3ip . 
(|7.32p . (|7.33p with smallness parameter 6. The term involving io'^to^ is then controlled using Lemma FTBl 
while the bound for the other terms follows from (14.71) since there are at least two terms which are small in 



Z'. Similarly, (|7.49p follows from (14.71) and the Z'-norm smallness of the asymptotic components a;^'^°° 
which give: 

E \\F'{U^)hi - F'iu:^)hi\\^^^^ < 9 + WhiWz'iu) 

l<a<A 

which is < 6^^^ once we prove (|7.46p . 

Step 2 (Contribution of low frequencies and high-frequency smoothing directions) 

Let K > be a small dyadic number to be chosen later in terms of 9. We will decompose i?^ into three 
components: a low frequency part, a high frequency smoothing part, and a high frequency non-smoothing 
part: 

Ri = P<^-iRi + PlPy.-^Ri + (1 - Pl)Py^-^Ri 

where P^ was defined in (|2.1I) . In this step we will estimate the contribution of first two terms above: 
Let a'b'" be the solution to the initial value problem: 
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{zdt + A^^^r^)ai'^+ E F'{u;^)ai'^ ^0, ai^^{0) = R^'" := P^,-.R( + P',P^,-.Ri. (7.50) 

l<a<A 

As in (|7.43p . we have that a'^''^ is well-defined and satisfies ||cr^''^||xi(R) ^ 1- Applying (|7.43p to the 
difference equation between (j7.50p and the linear homogeneous Schrodinger equation, we get: 

- e^'^Ri'^Wx^m < E {P<^-^iNs)Rk" + P>.-HNs)Ri'°) WmM). (7.51) 

l<a<A 

Using (|4.6p . we directly see that for any 1 < a < A, 

limsuplimsup||i^'(tj^)e**'^P<«-i(Aro)i?^'''||jv(R) <„ limsuplimsup ||e**'^F<^-i(jv°)^fc'°IU'(R) 

J— > + oo fe— S- + 00 .7— i'+OO fe— !-+oo (7.52) 

= 0. 

We now bound the contribution of ^>K-i(Af°)^fc'° ~ Pk,P>k,-^ (N°)Rk'- Using the convention that V^h := 
\h\ + |V/i|, we estimate: 

+ ||(c.,")3Vc.^**^F>.-i<^.»)i?,^'"Lji.^^ 

(7.53) 

which follows from Lemma [7751 at the end of this section. Using again (|7.42l) we conclude after combining 
(USB), (|73^ and (|735)) that, whenever k < ki(6'), 

\Wi'''\\ziM,)<C{e,A)K^- <6. (7.54) 

Step 3: (Contribution of high-frequency non-smoothing directions) Let Z^^'" denote the solution 
of the initial value problem: 

A 

{idt + AkxtO//''^ - E = 0' /fc''(0) = (1 - Pl)P>^-^Ri (7-55) 

We would like to show that if k is large enough and J > A: 

whenever k < K2{0). This combined with (j7.54p and the fact that h'l — a'^''^ + /^'" gives (j7.46p thus 
finishing the proof. 

The idea behind the proof of (j7.56p is to exploit the narrowness of the angular aperture of the Fourier 
support of the initial data Rj^'^ represented by the smallness of k. The key observation is that the 
smallness of k implies that of \\e'^'^^R'l'^\\z(&), which essentially follows from p.24p . Translating this 
information from the homogeneous linear Schrodinger equation to the inhomogeneous one (|7.55p is done 
via a slightly delicate perturbative argument using an appropriately modified X^-type norm that-unlike 
X^- captures the gain reflected in p.24p . We now move to the details: 
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For dyadic numbers 1 < Af < N, we define: 

PnMO = [rfmN) - vHm)] [vHUm - if M > 2 

PnAO = [vH^) - vH^m] ^'(6/2) 
and the corresponding operators: 

^Pn,m f = Pn,m^ f , Pn,<k ^ ^ Pn,m- 

l<M<niin{K,N) 



Given p G (0, 1], we define tlie weigfits: 
CpMM ■■= [M/N + p+{l + p7V)-i]'°/'™ . 



if TV < p-i 

Cp,N,M ^ { ma.x{M/N,l/{Np))^ it p'^ < N < p- 
miix{M/N,p)^ if TV > p-^. 



(7.57) 

wfiere 5a is tlie same constant as in (14. 4p . For functions / e on intervals / C M and g e i7^(Rx T^), 

we defined the norms: 

X! X! ^l,N,M\\PN,Mf\\xiiI) 

(7.58) 

I 



Ar>l KAKN 



ll5ll_f/i(RxT2) 



N>1 KAKN 



From (I7.57p . we see that 



/''/'""ll,/lk^(/)<ll/llxi(/)^ll/llx^(/) 

/°^^°°ll3ll//i(RxT2) <||g|l5-i(RxT2) ^ llffllffi(KxT=^) 



(7.59) 



It is obvious that the satisfies: 



for any interval /, from which follows the smallness of ||e'*'^(l — P^)P>k-i0|| for any k < p. This will 
be particularly useful since controls the Z norm: for any p £ (0, 1]: 



ll/llz(/) < 11/11 



(7.60) 



In fact, p.24p and Lemma BTT] imply that for po G {|, 18}: 



/™^L^0j^_j(KxT2x7) \M+1\ 



M 



1/20 



N\\PNMf\\uV-^iy (7.61) 



which gives: 



poe{9/2,18} \ Af>l 



E wpn.mjw 



KAKN 



4po 

i^o^^L^Oj, j(RxT2x/) 



1/2 



< 



E 



JV>1 



1<M<W 



E ( 77 ) \\PNMf\\x^{I) 



N 



1/20 





1/2 







Ar>l KAKN 



^lE E (#) iiwiiW) 



iV 



1/20 



1/2 



<ll/ll 
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which proves ()7.60|) . We wih prove the fonowing lemma: 

Lemma 7.8. Let D > 1 be dyadic, 9 G (0, 1], and fk G X^(M) be a solution to the linear equation: 

(z^t + AR>,TO/fe - E F'«D).fk = 

l<a<A 

where ui'^ d is P<duj^ ''■f -^k — ^ '^'^'^ [Pkdn^ — P>D-'^N^)^k -^k ~^ +oo. Then there exists po = 
po{9,D) such that for all p < po and k > k{p) sufficiently large, it holds that: 

ll/fcllxi(R) ^D,0 ||/fc(0)||j^i(R^T2)- (7-62) 

With this lemma in hand, we can finish the proof as follows: by the decompositions in (|7.31l) . (|7.32l) . and 
(j7.33p . there exists a dyadic D > 1 such that — ajj;?£,|jxi(R) < 9. Denoting by fl''^ the solution to 
the initial value problem: 

+ Ar.tO/;'''' - F'iu^l^)!^'- = 0, f^'^iO) = := (1 - Pl)P>.-^Ri 
It follows from (fn5| that: 

Wf'k'^ - Jk'^Wx^v.) ^ ^ 

for k large enough, whereas it follows from Lemma [7751 and (|7.60p above that for p < p{9, D): 

ll/fc'''IU(R) < ll/fc'''llxi(R) W^k^Wm^ 

for k large enough. Choosing k = p^^" , we have that p^'^H^i < and ((736)) now follows by combining 
the above two inequalities. We are left with proving Lemma [7751 



7.5. Proof of Lemma 17.81 As before, we denote for any interval / C 



l/ll 



J{t-s)A 



f{s)ds 



Using the time-divisibility of the Z— norm and the nature of the decomposition in (|7.3ip . (|7.32p . and 
(|7.33p . we can split R for each /i > into Og^^{l) intervals / for which: 



XI \\^k,D\\z'{I)< IJ- 



(7.63) 



l<a<A 



We will eventually choose p = p{9,D,A,Q) independent of p, k, which means that it would be enough 
to prove that the analogue of (|7.62p for each interval / (with /fe(0) replaced by the initial value of fk on 
that interval). By (|7.43p . this would follow if we prove that for each interval / and for every I < a < A, 



ll^'Ki.)/IU,(,)< ^11/11x^1 



(7.64) 



if fc > k{p) is large enough. To prove this we will need the following refinement of (|4.4p : suppose that 
1 < A/i < iVi, 1 < M2 < 7V2 < ^1, and N3 < N2 are all dyadic. Then: 



\\Pni,MiUiPn2,<M2U2Pn3U3\\lI^ ^{RxT^xI) 

-\So/2 



< 



'(N2 




M2 Ml 




^ N2J 


N2 Ml + N2 



(7.65) 
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This follows by interpolating (|4.4p and the following refinement of (|4.5|) obtained by using (|7.61|) : if C is 
any cube in M.^ with side-length ^ N2: 

\\PcPni,MiUiPn2.<M2U2Pn3U3\\lI y j(RxT2x/) 
<\\PcPN^.KhUi\\ 26 9 ||P7V2,<M2W2|| f ll-PWaWsll I 3 

i / Ml \ 

Af2 Ml ^ 



-^^^^(.A^ Mi+ivJ ll^c^illr"||«2||yo||^3||yo. 
To continue we split into two cases: 

Case 1: < 1 for all k. In this case, we have that uj'j^ o — P<D^k- Writing / = P<p-if + P>p-^f, 
we estimate using (|4.6p : 

\\F\Lol^)P<p-^f\\NiI)<f^^P<p-^f\\xHI)<^^^f\\x^^r) 
since Cp^N,M 1 if < p^^- On the other hand, for N > p^^, 

PN.M[F'{^lD)P>p-^f]^ E PNM[F'{^lD)PN'M'P>p-^f] 

N'r^oN,M'r^oM 

and as a result, we can estimate: 



ll^'Kl5)^>p-/ll|^(,) < E Cp,M,A./ll^^,MrK%)P>p-i/]||^(Z) 
" N,M 

^E E C^jv',Af'M^II^Ar'.Af'^'>p-i/||^i(/) M^ll/ll|i(/): 

N,M N'r^oN.M'^oM " 

which gives (j7.64l) in this case provided p. is chosen small enough depending on D, 9. 

Case 2: — +00: The analysis in this case is more delicate. We will assume throughout that 
Nj^ > p^^. The contribution of low frequencies P<2">dn" is easily estimated using (|4.6p as follows: 

\\F'{u:k,D)P<2^0DNsf\\NiI) <D m'|1/'<210I5JV=/IIz(/) < (7-66) 

We now turn to the contribution of />21oda'°/: by inspecting the Fourier supports, we notice that: 

PNM[F'iL^lD)P>2^0DNsf] = E PNM[F'ii0lj,)PN'M'P>2^"DNsf] (7-67) 

N'~N, M'r^M 

if M > 2^DN;^, and 

,<25DA'° [F'{u}'^^jj)PN',M'P>2^0DN^f]- (7.68) 

N'r^N,M'<2''DN° 

In the case when M > 2^DNj^, we can proceed as in Case 1 to get: 

II E E PNM[F'{^tD)P>2^«DNsf]U^^j)<p'\\f\\xliir (7-69) 
A'>1 M>2^DN^ 
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Moving on to the case when M < 2^DNj^, we first denote / e {^'>21o_djv°/, -P>2ioDAf°/}: d ^ 
{uj'^jj,ZJf~^} and estimate, for N' > 2^DN^, M' < 2^DN^, using Proposition O and (fZlfej) : 



/ h ■ Di,i{uj'j^jj,PN',M'f) dxdydt 



\i^iA^tD:PN',M'f)\\NiI)= sup 

\\Hy~1(i)=^ 

<\\02A^k,D.PN'M'f)\\Ll^, sup \\02A^k,{P<2N'-P<N'/2)h)hl^, 



<' 4 







M' 


_V TV' 




M' + N^_ 



So/2 

\\PN',M'f\\Y°(I)- 



Note thafl 



7V^" 1 \ M' 



TV' J M' + iV° 



<(^j <Cp,^'.M' ifiV'<(iV,"f, 



As a resuh we get that: 



l<M'<2=DAf° 

which gives by (|7.68p combined with (|7.69p that the contribution of P>2^°dn'^ f is 

\\F' {^k.D)P>DN'^ f\\N{I) ^D,9 

This and (I7.66P give the desired bound if /i < IJ.q{D, 9), which finishes the proof of Lemma [7.81 □ 

We end this section by proving the following smoothing lemma: 
Lemma 7.9. Suppose that tp € 7?^(K x T^) satisfies the following: 

Mhhrxt-)<1 V''^i^\\ziR)<S^ (7.70) 
for some < S < I. Then for any R > 0, there exists C{R) > 1 such that: 

N\\V' (e^'^P^V) \\Ll^^^M\p-po\<RN-^}x{\t-to\<RN-^}) < C{R)S^. (7.71) 
for any dyadic integer N > 1 and to G M and any po G K x . 

Proof. Without any loss of generality, we may assume that R = l,po = 0, and to = thanks to space 
and time translation invariance. From the definition of the Z— norm and (j7.70p . we have: 

\\e'*'^PK4'\\Li%^Mp\<N-^}x{\t\<N-^}) ^ 5^Ki, 
from which it follows by Holder's inequality that: 

TV||Vi(e»*^PxP,V)llLl,,,({H<iV-nx{|t|<^-}) ;S i^N-'^K'^. (7.72) 
On the other hand, estimating differently, we have from the smoothing estimate (|7.39p that: 

N\\V\e'''^PKPln\Ll,4{\p\<N-^}x{\t\<N-^})<N^'^^^^^ 

(7.73) 



^^Notice that here, we use crucially the gain from |31i Proposition 3.5]. 
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Combining ()7.72|) and (|7.73|) and summing in K yields (|7.7ip . □ 

8. Appendix: Local Theory of the Resonant System 

In this appendix, we collect some facts about resonant quintic system (|1.6p . This system is the Hamil- 
tonian flow of the positive definite Hamiltonian: 

^[^] " ^ XI / \dxUq\^dx + ^ J2 [ \ Up,u^Up^\^dx. (8.1) 

bl|^-|P2|^ + |P3|^=" 

In addition, (|1.6p enjoys the following conservation laws: for weights g{p) — ga.b,c{p) = a + &p + c|pp, the 
solutions of (ll.6p have formally conserved g-energy where, 

pez2 

Indeed, 

^Eg{u) ^ 51 ffbo)Im| f Up^-,Up^Up^Up^Up^Up,dx\ 

Pa+P2+Pi=Pl+P3+P5 ^ ^ 

bo|^ + |p2p + |p4p = |pi|^ + |p3|^ + b5|^ 



PO +P2 +P4 =Pl +P3 +P5 
|po|^ + |p2p + |p4|^ = |pi|'^ + |p3r + |pi 

0. 



X! [aiPo) + fffe) + gipi)] Im { j UpoUp^Up^Up.Up^Up^dx [ 



The following proposition proves the local well-posedness and small-data scattering for the quintic system 
p.6p . We recall that the norm WiT) is defined as: 



W) ■= 51 [1 + W] ll"plli«,,(E.x/)- 



Proposition 8.1 (Local well-posedness and small-data scattering for (ILGp ). Let m(0) = {Mp(0)}p G ft-^L^ 
satisfy ||uo||hiL2 < i?, ^/lera; 

(1) there exists an open interval G / and a unique solution u{t) of (jl.6p in 0^(1 : h^L^) H W{I). 

(2) there exists Eq such that if E < Eq, u(i) is global and scatters in positive and negative infinite 
time. 

(3) propagation of regularity: if u{0) G W^H^ for some cr > 1 and k>0, then u G 0^(1 : h'^H^). 

Proof. The proof follows from a simple fixed point theorem (and classical arguments) once we have 
established the fundamental nonlinear estimate. By the scalar Strichartz estimates, we see that 

,(Rx/) ^ li"j(0)||L2 + V WUpJl^Up^LfT^Up^J 6 

i?,t(Rx-f) 

where TZ{j) was defined in (|1.6p . Multiplying by (j) and square-summing, the first term on the right-hand 
side is bounded by the square of the /i^i^-norm. For the second term, we compute using Lemma 
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below that 



< 



E nLillwpJlL«,,(Rx/) 



E { E nLi(pfc>'hpJii6 ,(Rx7) X {3?Y.^pi)-Hp2)-^{pz)-\p,)-^{p,)-^] 



< E EnLi(pfc)'lkpJli6_,(Rx/) 



w(iy 



Consequently, we obtain 

This and the Stricliatz estimate: 



allows one to run a classical fixed-point argument in W{I)nCt{I : h L^) provided / or £' is small enough. 
The rest of the proposition follows from standard arguments. □ 

Lemma 8.2. There holds that 



sup < oy 



3& 



(Pl,P2,P3,P4,P5)e71(j) 



{Pi)-^P2)-^P3)-^Pa)-^P,)-^ )<l. 



Proof. Without loss of generality, we may assume that 

bi| < bsl < b5|, \P2\ < \P4\, max(|j|, \p4\) - IpsI. 
The first equation in the resonant condition specifies 

P5 = P2 + Pi + j - Pi - P3, 
while the second condition specifies that lies on a specific circle C, namely 

P2+P4+j-pi 2[b2p + |p4p + |jf -blP] -3\p2+Pi+j -Pl\^ 



P3 

We can use Lemma 18.31 below to bound the number of possible p^: 

^-2<(max(bi|,b2|,b4|))-^ 



E ^p^> 

P3 ; |P3 1 >max(|pi 1 , 1 , 1p4 I ) ; P3 ec 



(8.3) 
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Using this, we obtain that 

(Pl,P2,P3,P4,P5)eK(j); 
|P2|<jP4|<|P3|;|Pl|<b3l<|P5| 



< y: {pi)-'{P2)-'{p.)-' E (p- 



Pl ■P2 -Pi P3 : (pi ,p2 ,P3 .P4 ,P2+P4+j -pi -ps) , 

|p3|>max(|pi|,|p2MP4|) 

< E {pir'{P2)-'{p^)-'{\pi\ + \P2\ + \P4\)-'<i. 

Pl >P2,P4 

The sum when jpaj < \p4\ is bounded similarly, using Lemma [8.31 to bound the sum over p4 instead of 
the bound over . □ 

We are left with 

Lemma 8.3. For any P G M^, R> and A> 1 there holds that: 

E T^^S^"' (8.4) 

\p\>A ^' 

pei?nC(P,R) 

where C{P, R) denotes the circle of radius R centered at P. 

Proof. Indeed, it suffices to prove that for any fc > 0, 

\{p: \p\ e [2'=yl,2'=+M]; pe C(P,i?)}| < 2'=A. 

When R < 2''~^^^A, this follows directly from the fact that the integer points are 1-separated and hence 
there can be at most 27ri? points on a circle of radius R. When R > 2*^+^°^, we have that 

|£)(0,2'=+iyl) n C{P,R)\ < 2^ A, 

where -D(0, K) denotes the disc centered at the origin of radius K. To see this, let a be the angle of the 
above arc in C(P, R). This arc has length Ra while from the fact that the chord has to fit into the disc, 
we also obtain that Riana < 2*^+^^ which gives the result. □ 



One can also prove by standard arguments a stability result for ()1.6p similar to Lemma 14.61 which will 
allow to prove: 

Lemma 8.4. Assume the conclusion of Theorem holds for all initial data uq £ H^(M. x T^) with 
full energy L{uo) < E^ax- Then Conjecture holds true for all initial data vq G h^L^ satisfying 
Eis{vo) < Emax- In particular, if all finite full- energy (i.e. ) solutions scatter for (jl.ip . then the same 
holds for finite Eis -energy solutions of (|1.6p . 
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